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1. Introduction

This chapter will attempt to place most methods used by statistical agencies to quality adjust
prices into a common economic framework. The economic framework is based on purchasers
maximizing a linearly homogeneous utility function subject to a budget constraint on their
purchases of a group of related products. This framework is far from a perfect description of
reality but it captures an important empirical phenomenon: when the price of a product drops a
lot, purchasers of the product buy more of it! Moreover, the theory allows us to provide a welfare
interpretation for the quantity indexes which are generated by this approach.

The theory of quality adjustment to be presented in this paper is meant to be applied at the level
where subindexes are constructed at the first stage of aggregation; i.e., at what is called the
elementary level of aggregation by price statisticians. Furthermore, the methods for quality
adjustment to be discussed in this chapter are largely aimed at the scanner data context; i.e., we
will assume that the statistical agency has access to detailed price and quantity (or value)
information at the product code level, either from retail outlets or from the detailed purchases of a
group of similar households.? Thus our focus will be on both the construction of consumer price
indexes at the elementary level as well as on the companion consumer quantity indexes.

The assumption of linearly homogeneous utility or valuation functions is an important restriction
S0 one may ask: why impose it? The reason is that economic models constructed by private and
public sector economists generally do not make use of disaggregated information; instead, they
use the elementary indexes that are produced by national statistical agencies in their models.
However, the price levels that correspond to these elementary indexes are treated as “normal”
prices by applied economists; i.e., the elementary prices are not regarded as prices that are
conditional on particular levels of the corresponding quantity levels. In order to construct
unconditional price levels, we need to assume that the underlying aggregator or utility functions
are linearly homogeneous.®

Marshall (1887) was one of the first to introduce the new goods problem: how exactly should
price indexes be adjusted to account for the introduction of new and hopefully improved
products? * Marshall suggested that chaining period to period indexes would provide a partial
solution to the problem. Keynes (1909) endorsed Marshall’s suggestion as a step in the right
direction but noted that chaining alone will not solve the fundamental problem: increased product
choice will generally increase the utility of purchasers of products but it is very difficult to
measure this increase.® This is the essence of the quality adjustment problem; how can statistical

2 As cash transactions diminish in importance, credit and debit card companies will have detailed price and
quantity information on household purchases. Once this information on consumer transactions also includes
product bar codes, statistical agencies will eventually be able to access this information and use it to
produce high quality consumer price indexes.

3 The underlying index number theory using linearly homogeneous aggregator functions was developed by
Shephard (1953), Samuelson and Swamy (1974) and Diewert (1976). This theory was explained in Chapter
5 and will be summarized in section 2 below.

4 “This brings us to consider the great problem of how to modify our unit so as to allow for the invention of
new commodities. The difficulty is insuperable, if we compare two distant periods without access to the
detailed statistics of intermediate times, but it can be got over fairly well by systematic statistics.” Alfred
Marshall (1887; 373). Lehr (1885; 45-46) also introduced the chain system as a way of mitigating the new
goods problem. For more on the early history of the new goods problem, see Diewert (1993; 59-63).

5 “The [chaining] method has another advantage. It enables us to introduce new commodities and to drop
others which have fallen out of use. ... For most practical purposes, therefore, this is the method to be
recommended. ... Yet we must not exaggerate its merits.” John M. Keynes (1909; 80). “We cannot hope to



agencies construct price and guantity indexes over two or more periods when there are new and
disappearing products?

Hicks (1940; 114) suggested a general approach to this measurement problem in the context of
the economic approach to index number theory. His approach was to apply normal index number
theory but estimate (somehow) hypothetical prices that would induce utility maximizing
purchasers of a related group of products to demand 0 units of unavailable products.® With these
reservation or imputed prices in hand, one can just apply normal index number theory using the
augmented price data and the observed quantity data (which impute zero quantities to unavailable
products). This is the economic framework we will use in this chapter.” The practical problem
facing statistical agencies is: how exactly are these reservation prices to be estimated?

The approach to the estimation of reservation prices that will be taken below is to use consumer
demand theory to estimate preferences. Suppose that purchasers maximize a utility function f(q)
subject to the budget constraint p-q = Zu-1N padn = v > 0 where the price and quantity of
commodity n are p, and g, for n = 1,...,,N. Define the price and quantity vectors p = [p1,...,pn] and
g = [1,...,On]. Suppose that p, g and v are observed and g is a solution to the utility maximization
problem max 4 {f(q) : p-q = v}. Then given a functional form for f, the solution q to the utility
maximization problem will satisfy the usual consumer demand functions, gn» = da(p,v) for n =
1,...,N where dn(p,v) is the nth consumer demand function. Given price and quantity for many
periods, the unknown parameters for the utility function that are imbedded in these consumer
demand functions can be estimated using econometric methods. Duality theory can be used to
simplify the derivation of the consumer demand functions.® This is the approach used by
Hausman (1981) (1996) (1999) (2003) to estimate reservation prices. However, the econometrics
of this method are complex. To illustrate these problems, suppose that in the first sample period,
product 1 was not available. The observed demand for product 1 in period 1 is zero. Thus the first
estimating equation in the sample would take the form 0 = di(p:'",p2t,....pnt V) + et where
di(p,v) is the demand function for commodity 1, p2i,...,pnt are the observed prices for products
2,3,...,Nin period 1, v! is the observed period 1 expenditure on the N products, e:* is an error term
and p:** is the unknown period 1 reservation price for product 1. It can be seen that p:** is now an
extra parameter that must be estimated. Hence the usual approach that conditions on prices (on
the right hand sides of the estimating equations) and treats quantities as random variables on the
left hand sides of the estimating equations does not apply due to the endogeneity of the
reservation price. Moreover, the variable on the left hand side of the above equation is 0 and this
is not a random variable. Thus simple econometric techniques cannot be used in this situation.

find a ratio of equivalent substitution for gladiators against cinemas, or for the conveniences of being able
to buy motor cars against the conveniences of being able to buy slaves.” John M. Keynes (1930; 96).

6 “The same kind of device can be used in another difficult case, that in which new sorts of goods are
introduced in the interval between the two situations we are comparing. If certain goods are available in the
Il situation which were not available in the | situation, the pi’s corresponding to these goods become
indeterminate. The p2’s and q2’s are given by the data and the q:’s are zero. Nevertheless, although the p1’s
cannot be determined from the data, since the goods are not sold in the I situation, it is apparent from the
preceding argument what p1’s ought to be introduced in order to make the index-number tests hold. They
are those prices which, in the | situation, would just make the demands for these commaodities (from the
whole community) equal to zero.” John R. Hicks (1940; 114). Von Hofsten (1952; 95-97) extended Hicks’
methodology to cover the case of disappearing goods as well.

" Two major problems with this framework are: (i) it does not take into account the fact that purchasers
may stockpile goods on sale and this will affect demand in subsequent periods and (ii) the introduction of a
new revolutionary product may change purchaser preferences over existing goods. However, until a better
welfare oriented model of purchaser behavior comes along, we are stuck with using the Hicksian approach.

8 See for example Diewert (1974; 120-133).



To deal with the above econometric problem, one can abandon the estimation of traditional
consumer demand functions and switch to the estimation of the system of inverse consumer
demand functions. The nth inverse demand function gives the observed price for product n, pn, as
a function of the vector of quantities chosen by the purchasers, g, and total expenditure on the
products v; i.e., we have pn = gn(q,v) for n = 1,...,N where gs is the nth inverse demand function.®
Again suppose product 1 was not available in period 1. Then the first inverse demand function in
period 1 becomes p:*" = g1(0,02%,...,an%,VE) + edl using the notation in the previous paragraph.
Thus we simply drop this equation from the system of inverse demand estimating equations and
use the remaining equations to estimate the unknown parameters in the direct utility function
Q(g). Once these unknown parameters have been estimated, the period 1 reservation price for
product 1 can be defined as pi** = 91(0,g2%,...,gntVE). This methodology will be described in
sections 9 and 10 in more detail.*°

It turns out that a special case of this inverse demand function methodology is the case of a linear
utility function; i.e., set f(q) = Zn=1N angn = a-q Where the an are quality adjustment factors. Thus
an gives the increase in utility of purchasers due to the acquisition of an extra unit of product n.
The case of a linear utility function will be used as an underlying economic model in sections 3
and 5-8. Furthermore, it turns out that the assumption of an underlying linear utility function
provides a rationale for hedonic regression models, which will be studied in sections 5-8 below.

In sections 3 and 4, we apply the linear utility function assumption to some special situations
where it is possible to generate missing prices without using any econometrics. These sections
introduce inflation adjusted carry forward and carry backward prices which have been used for
many years by statistical agencies to replace missing prices.!

In section 5, we also assume an underlying linear utility function but we no longer assume that
the underlying economic model holds exactly. Thus error terms make their appearance in this
section (and in subsequent sections). The resulting model is the time product dummy hedonic
regression model. This model is an application of Summer’s (1973) country product dummy
model to the time series context. The underlying time product dummy hedonic regression model
is pn = mon forn = 1,...,N and t = 1,...,T where the o, are the quality adjustment factors that
appear in the purchasers’ linear utility function and the 7; turn out to be period t aggregate price
levels.’ However, in real life applications, these equations will not hold exactly and thus it is
necessary to introduce error terms. The above exact equations can be replaced by Inpwn = Inm: +
Inon + em forn=1,..,Nand t = 1,...,T where the e, are error terms. This is a stochastic model
which was discussed in Chapter 7. It is also a special case of a hedonic regression model where
prices are regressed on the characteristics of products. In this simple framework, each product has
its own separate characteristic. Estimators for the logarithms of n: and o, are found by

% Suppose that the utility function f(q) is differentiable and linearly homogeneous and we have an interior
solution to the purchaser’s utility maximization problem. Then using Wold’s (1944; 69-71) identity, p, =
[of(g)/ogn]v/f(g) = gn(q,v) for n = 1,...,N. We will derive these equation in more detail in section 2 below.
See also section 4 in Chapter 5.

10 This methodology was first suggested by Diewert (1980; 498-503) and implemented by Diewert and
Feenstra (2017).

11 See von Hofsten (1952), Triplett (2004), de Haan and Krsinich (2012; 31-32) and Diewert, Fox and
Schreyer (2017). Inflation adjusted carry forward and backward prices were discussed in section 19 of
Chapter 7.

12 A bilateral price index between period t relative to period r is defined as the ratio of the relevant price
levels, m/m:.



minimizing the sum of squared errors, 1" =1V [en]? = i’ o=tV [INpen — Inme + Inow)?.
However, the log prices are not weighted according to their economic importance and the model
does not allow for missing products as was seen in Chapter 7. Finally, in section 17 of Chapter 7,
we found a satisfactory stochastic model that allowed for missing observations and weighted
prices by their economic importance. This model is reviewed in section 5 of the present chapter.

The model described in section 5 generates price levels that have some good axiomatic properties
but the model has an important drawback: a product that is available only in one period out of the
T periods has no influence on the estimated aggregate price levels =" for all periods. Thus the
introduction of a new product in period T will have no effect on the estimated price level for
period T, r". This goes against the spirit of the Hicksian approach to the treatment of new goods.
The hedonic regression models considered in sections 6 and 7 do not suffer from this drawback.

Sections 6 and 7 deal with hedonic regression models that make use of information on the
characteristics of the N products under consideration. The models in these two sections are more
satisfactory than the weighted time product dummy model discussed in section 5 because now
isolated prices play a role in the determination of the estimated price levels =" for t = 1,...,T.
However, the hedonic regression models considered in sections 6 and 7 do require information on
product characteristics, information which may be difficult to collect. The important results
obtained by de Haan and Krsinich (2018) using this class of hedonic regression models applied to
electronic products are discussed in section 7. They compare weighted and unweighted versions
of the same hedonic regression models and show that weighting leads to improved results.

The problems raised by taste change in the two period case are addressed in section 8. The
treatment of the problem in this section is due to Diewert, Heravi and Silver (2009) and it uses the
tastes of each period to construct separate bilateral price indexes between the two periods. The
two indexes, each of which hold tastes constant, are then averaged to form a final index.

Finally, in sections 9 and 10, two alternative methods for constructing reservation prices are
discussed. In these methods, the underlying utility function is not assumed to be a linear function.
In section 9, the reservation price model due to Feenstra (1994) is presented. This model assumes
that the underlying preferences are CES (Constant Elasticity of Substitution).!® The model
presented in section 10 assumes that the underlying preferences are a certain flexible functional
form (that is exact for the Fisher (1922) ideal quantity index). This model is due to Diewert and
Feenstra (2017).

Section 11 offers some conclusions.
2. A Framework for Evaluating Quality Change In the Scanner Data Context

In this section, we provide a framework for the construction of consumer price and quantity
indexes in the scanner data context using the economic approach to index number theory. We
assume that transactions data for the sales or purchases of N products over T time periods are
available. The N products will typically be a group of related products so that the goal is the
construction of price and quantity indexes at the first stage of aggregation. The transactions data

13 See Arrow, Chenery, Minhas and Solow (1961) for the first use of this functional form in the economics
literature. Chapter 5 considered alternative estimation methods for this functional form.

14 The data could be price and quantity (or value and quantity) on sales of the N products from a retail
outlet (or group of outlets in the same region) or it could be price and quantity data for the purchases of the
N products by a group of similar households.



are aggregated over time within each period so that the prices for each period are unit value
prices. Let p' = [pu,....pn] and g' = [qu,...,qw] denote the price and quantity vectors for time
periods t = 1,...,T. The period t quantity for product n, gu, is equal to total purchases of product n
by purchasers or it is equal to the sales of product n by the outlet (or group of outlets) for period t,
while the corresponding period t price for product n, pw, is equal to the value of sales (or
purchases) of product n in period t, v, divided by the corresponding total quantity sold (or
purchased), gm. Thus pm = Vin/Qw is the unit value price for product n in period t fort =1,...,T and
n = 1,.,N. In this section, we assume that all prices, quantities and values are positive; in
subsequent sections, this assumption will be relaxed.

Let g = [qs,....On] be a generic quantity vector. In order to compare various methods for
comparing the value of alternative combinations of the N products, it is necessary that a valuation
function or aggregator function or utility function f(q) exist. This function allows us to value
alternative combinations of products; if f(g?) > f(q'), then purchasers of the products place a
higher utility value on the vector of purchases g2 than they place on the vector of purchases g.
The function f(q) can also act as an aggregate quantity level for the vector of purchases, g. Thus
f(g") can be interpreted as an aggregate quantity level for the period t vector of purchases, q', and
the ratios, f(q')/f(g'), t = 1,..,T, can be interpreted as fixed base quantity indexes covering periods
ltoT.

In the following analysis, we assume that f(q) has the following properties: (i) f(q) > 0 if g >>
On;® (ii) f(q) is nondecreasing in its components; (iii) f(Lq) = Af(q) for g > Oy and A > 0; (iv) f(q)
is a continuous concave function over the nonnegative orthant. Assumption (iii), linear
homogeneity of f(q), is a somewhat restrictive assumption. However, this assumption is required
to ensure that the aggregate price level, P(p,q), that corresponds to f(q) does not depend on the
scale of .2 Property (iv) will ensure that the first order necessary conditions for the budget
constrained maximization of f(q) are also sufficient.

Let p =[p1,....on] > On and g =[qy,...,aqn] > On With p-g = Za=1™ pnda > 0. Then the aggregate price
level, P(p,q) that corresponds to the aggregate quantity level f(q) is defined as follows:

(1) P(p,q) = p-a/f(q).

Thus the implicit price level P(p,q), which is generated by the generic price and quantity vectors,
p and g, is equal to the value of purchases, p-q, deflated by the aggregate quantity level, f(q). Note
that using these definitions, the product of the aggregate price and quantity levels equals the value
of purchases during the period; i.e., we have P(p,q)f(q) = p-q.

Once the functional form for the aggregator function f(q) is known, then the aggregate quantity
level for period t, Q', can be calculated in the obvious manner:

(2) Q' =1(aY; t=1,..T.

Using definition (1), the corresponding period t aggregate price level, P!, can be calculated as
follows:

15 Notation: g >> Oy means each component of ¢ is positive, g > Oy means each component of q is
nonnegative and g > Oy means q > Oy but g = O,

16 P(p,q) = p-g/f(q) where p-q = Zn=1™ pndn. Thus using property (iii) of f(q), we have P(p,Aq) = p-Ag/f(rq) =
Ap-a/rf(q) = P(p,q).



(3) P'=p"q¥f(@); t=1,.T.

Note that if f(q) turns out to be a linear aggregator function, so that f(q") = a.-q* = Zn=1" atnQn, then
the corresponding period t price level P! is equal to p“qYa-q', which is a quality adjusted unit
value price level.’

In order to make further progress, it is necessary to make some additional assumptions. The two
additional assumptions are: (v) f(q) is once differentiable with respect to the components of q and
(vi) the observed strictly positive quantity vector for period t, g* >> Oy, is a solution to the
following period t constrained maximization problem: °

(4) max ¢ {f(q) : ptq =Vv'; g = 0n}; t=1,.,T.
The first order conditions for solving (4) for period t are the following conditions:?°

(5) Vqf(@) = Mp'; t=1,..T;
(6) p-q" =V, t

Since f(q) is assumed to be linearly homogeneous with respect to g, Euler’s Theorem on
homogeneous functions implies that the following equations hold:

(7) 9-Vqf(q) = (q") ; t=1,..T.

Take the inner product of both sides of equations (5) with g' and use the resulting equations along
with equations (7) to solve for the Lagrange multipliers, A+

(8) A= f(q)/p"q' t=1,.T
=1/P! using definitions (3).

Thus if we assume utility maximizing behavior on the part of purchasers of the N products using
the collective utility function f(q) that satisfies the above regularity conditions, then the period t
quantity aggregate is Q' = f(g") and the companion period t price level defined as P' = p'gY/Q" is
equal to 1/A+ where A: is the Lagrange multiplier for problem t in the constrained utility
maximization problems (4) and where ' and X; solve equations (5) and (6) for period t. Equations
(8) also imply that the product of P! and Q! is exactly equal to observed period t expenditure V';
i.e., we have

(9) PQ'=pq' =V'; t=1,.T.

17 See section 10 of Chapter 7 for the properties of quality adjusted unit value indexes.

18 The assumption that ' >> Oy can be replaced by the assumptions g' > Oy and ptq' > 0.

1 The theory that follows dates back to Koniis and Byushgens (1926). This approach blends standard
consumer demand theory based on the maximization of a linearly homogeneous utility function with index
number theory. It was further developed by Shephard (1953) (in the context of a producer cost
minimization framework) and by Samuelson and Swamy (1974) and Diewert (1976) in the consumer
context. The price indexes which result from this theory are special cases of the Konis (1924) true cost of
living index. What is new in the present chapter is the application of this theory to hedonic regression
models.

20 Using the assumption of concavity of f(q) and the assumption that q' >> Oy, these conditions are also
sufficient to solve (4). Notation: V4f(q) = [0f(g)/0qs,..., Of(q)/Ogn]-



Substitute equations (8) into equations (5) and after a bit of rearrangement, the following
fundamental equations are obtained:?!

(10) p' = P'V4f(Q) ; t=1,.T.

In the following section, we will assume that the aggregator function, f(qg), is a linear function and
we will show how this assumption along with equations (9) for the case where T =2 and N = 3
can lead to a simple well known method for quality adjustment that does not involve any
econometric estimation of the parameters of the linear function. In subsequent sections, equations
(10) will be utilized in the hedonic regression context. In the final sections of the chapter, the
assumption that f(q) is a linear function will be relaxed.

3. A Nonstochastic Method for Quality Adjustment: A Simple Model

A major problem that arises when statistical agencies use scanner data to construct an elementary
index is that some products are sold or purchased in one period but not in a subsequent period.
Conversely, new products appear in the present period which were not present in previous
periods. How should price and quantity indexes be constructed under these circumstances?
Equations (10) in the previous section can be used to provide an answer to this question.

Consider the special case where the number of periods T is equal to 2 and the number of products
in scope for the elementary index is N equal to 3. Product 1 is present in both periods, product 2
is present in period 1 but not in period 2 (a disappearing product) and product 3 is not present in
period 1 but is present in period 3 (a new product).?? We assume that purchasers of the three
products behave as if they collectively maximized the following linear aggregator function:

(11) f(91,02,93) = 0101 + 0202 + 303

where the o, are positive constants. Under these assumptions, equations (10) written out in scalar
form become the following equations:?®

(12) Pt = Ptain ; n=123;t=1,2.

Equations (12) are 6 equations in the 5 parameters P! and P? (which can be interpreted as
aggregate price levels for periods 1 and 2) and a1, o2 and a3, which can be interpreted as quality

2L Multiply the right hand side of equation t in (10) by 1 = QYf(q") and use P'Q! = V! to obtain the following
system of equations: p' = viV4f(gq")/f(q") for t = 1,...,T. For each t, this system of equations is the consumer’s
system of inverse demand functions, that give the period t prices that are consistent with the observed
period t demands g as functions of p' and period t expenditure vi. Konts and Byushgens (1926) obtained a
system of equations that is equivalent to this system of inverse demand functions. Linear homogeneity of
the utility function is required in order to obtain these equations and the equivalent equations defined by (9)
and (10).

22 The “new” product may not be a truly new product; it may be the case that product 3 was temporarily not
available in period 1. Similarly, product 2 may not permanently disappear in period 2; it may reappear in a
subsequent period.

2 This is a special case of the Time Product Dummy regression model which was studied in Chapter 7 and
will be summarized in section 5 below. Thus equations (12), which are the inverse consumer demand
functions that result from the maximization of a linear utility function, lead directly to a particular hedonic
regression model. It is this result which allows us to claim that our present approach is a way of reconciling
hedonic regression models with classical consumer demand theory.



adjustment factors for the 3 products; i.e., each an measures the relative usefulness of an
additional unit of product n to purchasers of the 3 products. However, product 3 is not observed
in the marketplace during period 1 and product 2 is not observed in the marketplace in period 2
and so there are only 4 equations in (12) to determine 5 parameters. However, the P* and the a
cannot all be identified using observable data; i.e., if P!, P?, a1, o2 and o satisfy equations (12)
and A is any positive number, then AP, AP2, A7Yai1, A Yo, and Aoz will also satisfy equations
(12). Thus it is necessary to place a normalization (like P* = 1 or ou = 1) on the 5 parameters
which appear in equations (12) in order to obtain a unique solution. In the index number context,
it is natural to set the price level for period 1 equal to unity and so we impose the following
normalization on the 5 unknown parameters which appear in equations (12):

(13) Pt =1.

The 4 equations in (12) which involve observed prices and the single equation (13) are 5
equations in 5 unknowns. The unique solution to these equations is:

(14) Pt = 1; P? = pa/p11; o = pu1; 02 = P12} 03 = P2af(Par/Pra) = p2a/P2

Note that the resulting price index, P?/P%, is equal to pa1/pu1, the price ratio for the commodity that
is present in both periods. Thus the price index for this very simple model turns out to be a
maximum overlap price index.?*

Once the P' and o, have been determined, equations (12) for the missing products can be used to
define the following imputed prices pn" for commodity 3 in period 1 and product 2 in period 2:

(15) p1s” = Prais = p2a/ (P?/PY) ; p22” = P20tz = (Par/p1a)paz = (P?/PH)pae.

These imputed prices can be interpreted as Hicksian (1940; 12) reservation prices; i.e., they are
the lowest possible prices that would deter purchasers from purchasing the products during
periods if the unavailable products hypothetically became available.?®

Note that pis” = p2s/(P¥PY) is an inflation adjusted carry backward price; i.e., the observed price
for product 3 in period 2, pzs, is divided by the maximum overlap price index P?/P! in order to
obtain a “reasonable” valuation for a unit of product 3 in period 1. Similarly, p2" = (P¥/PY)p1. is
an inflation adjusted carry forward price for product 2 in period 2; i.e., the observed price for
product 2 in period 1, pi2, is multiplied by the maximum overlap price index P?P! in order to
obtain a “reasonable” valuation for a unit of product 2 in period 2.%’

2 Keynes (1930; 94) was an early author who advocated this method for dealing with new goods by
restricting attention to the goods that were present in both periods being compared. He called his suggested
method the highest common factor method. Marshall (1887; 373) implicitly endorsed this method. Triplett
(2004; 18) called it the overlapping link method.

% Hicks (1940 dealt only with the case of new goods; von Hofsten (1952; 95-97) extended his approach to
cover the case of disappearing goods as well.

26 Strictly speaking, it would be necessary to add a tiny amount to these prices to deter consumers from
purchasing these products if they were made available.

2" The use of carry forward and backward prices to estimate missing prices is widespread in statistical
agencies. For additional materials on this method for estimating missing prices, see Triplett (2004), de
Haan and Krsinich (2012), Diewert, Fox and Schreyer (2017) and section 19 of Chapter 7.
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Note that the above algebra can be implemented without a knowledge of quantities sold or
purchased. Assuming that quantity information is available, we now consider how companion
quantity levels, Q' and Q?, for the price levels, P* and P2, can be determined. Note that g:3 = 0 and
g2 = 0 since consumers cannot purchase products that are not available. Use the imputed prices
defined by (15) to obtain complete price vectors for each period; i.e., define the period 1 complete
price vector by p* = [pu1, p12, P13'] and the complete period 2 price vector by p? = [p21, p22°, P2s]-
The corresponding complete quantity vectors are g* = [011, 12, 0] and g2 = [021, 0, g23]. The period
t aggregate quantity level Q' can be calculated directly using only information on q' and the vector
of quality adjustment factors, a = [au1, a2, ag], or indirectly by deflating period t expenditure vt =
p'-g' by the estimated period t price level, Pt. Thus we have the following two possible methods
for constructing the Q'

(16) Q'=o-q'; or Q'=p"q/P'; t=12.

However, using the complete price vectors p* with imputed prices filling in for the missing prices,
equations (12) hold exactly and thus it is straightforward to show that Q' = o.-q* = p"-q"/P! for t =
1,2. Thus it does not matter whether we use the direct or indirect method for calculating the
quantity levels; both methods give the same answer in this simple model.?

A problem with this simple model is that there is only one product that is present in both periods.
In the following section, we generalize the present model to allow for multiple overlapping
products.

4. A Nonstochastic Method for Quality Adjustment: A More Complex Model

In order to generalize the very simple model for dealing with new and disappearing products that
was presented in the previous section, it is first necessary to develop another application of the
fundamental equations (10) in section 2.

Define the aggregator function f(qg) as follows:
(17) fker(q") = [0"-Aq]% = [Zi=" 21" ayqi"gy]H

where q” is defined as the N dimensional quantity vector [g:",...,qn"] and A = [a;] is an N by N
symmetric matrix of parameters which satisfies certain regularity conditions.?® Suppose further
that the observed price and quantity vectors for periods 1 and 2 are the positive price and quantity
vectors, p** = [pu’,....pw"] and g = [qu’,...,.qw"] for t = 1,2. We assume that g% solves max q
{fxer(q) : p*-q = V" ; q > On} for t = 1,2 where V" = p™.q"" is the observed expenditure on the N
products for periods t = 1,2. The inverse demand functions (10) that correspond to this particular
aggregator function are the following ones:

(18) p” = P"Vfier(q™) = P'[g"-Aq"] 2 Ag" ; t=12.

28 In subsequent sections when we no longer assume that equations (12) hold exactly, then the direct and
indirect methods for calculating the Q! will in general differ.

2 Thus A = AT and A is assumed to have one positive eigenvalue with a corresponding strictly positive
eigenvector and N-1 negative or zero eigenvalues. This functional form was introduced into the economics
literature by Konis and Byushgens (1926), who showed its connection to the Fisher (1922) ideal index.
This explains why f(q") is labeled as fkgr(q"). For further discussion of the regularity conditions on fxer(q"),
see Diewert (1976) and Diewert and Hill (2010) or section 5 of Chapter 5.
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Using the framework described in section 2 above, the period t aggregate quantity level for the
present model is Q" = [q"-Aqg]¥? and the corresponding period t price level is P*" = pt*.q""/Q" for
t = 1,2. The Fisher (1922) ideal quantity index is a function of the observable price and quantity
data and is defined as follows:;

(19) Qe(p”.p*.q".0%) = [p*-0” p*-¢*/p*"-q"" p*-q"]*2
Use equations (18) to eliminate p!* and p?* from the right hand side of (19). We find that
(20) (p**'p*-0¥)(p*"-q"'p* ") = ¢¥-Ag¥/q""Ag"".

Take positive square roots on both sides of (20). Using definitions (17) and (19), the resulting
equation is:

(21) fer(9*)/frer(@™) = Qr(p"",p*,9",0%).

Thus Q¥/QY = frer(q¥")/fker(q'") is equal to the Fisher ideal quantity index Qr(p*",p%",q%",q%"),
which can be calculated using observable price and quantity data for the two periods. We know
from section 2 that

(22) P*Q" =p"-q"; t=12.

Now make the normalization P*" = 1. Using this normalization and equations (21) and (22), the
aggregate price and quantity levels for the two periods can be defined in terms of observable data
as follows:

(23) P¥'=1; Q¥ =p"q"; Q' = QVQe(p"",p*,0",07); P = p™-q"/Q%.

The above results can be combined with the 3 product model that was described in the previous
section: relabel the above aggregate data as a composite product 1 so that the new product 1 that
corresponds to the first product in section 3 has prices and quantities defined as pu = P and qu =
QY for t = 1,2. Products 2 and 3 are a disappearing product and a new product respectively as in
section 3 above. The aggregate price levels for the two periods (which use all N+2 products) are
P! and P? and the new o, parameters are defined by the following counterparts to equations (14)
above:

(24) Pt =1; P2 =PZ/PY = Pe(p™",p?",0",0%); a1 = 1; a2 = Puz; otz = paal (PZ/PY)

where PZ/PY" = [vZ'IWY)/[QZ'IQY] = Pr(p,p?,0*",0%") is the Fisher (1922) ideal price index that
compares the prices of the N products that are present in both periods, p**, p?*, for the two periods
under consideration. The imputed prices for the missing products, pi3” and p22", are obtained by
using equations (15) for our present model:

(25) p13” = p2s/Pe(p*",p*,0"",0%) ; p22" = Pe(p*",p*",0"",07 P12

Comparing (24) and (25) with the corresponding equations (14) and (15) for the 3 product model,
it can be seen that the price ratio for product 1 that was present in both periods, p21/p1, is replaced
by the Fisher index Pe(p'*,p?",q*",g%") which is now defined over the set of products that are
present in both periods. The type of inflation adjusted carry backward price p1s” and the inflation
adjusted carry forward price pz" defined by (25) are widely used by statistical agencies to
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estimate missing prices but agencies usually use either the Lowe, Laspeyres or Paasche index in
place of the Fisher price index.®

The aggregator function that is consistent with the new model with N continuing products, one
disappearing product and one new product is defined as follows:

(26) Q(q1",--,On",02,03) = cufker(q”) + 0202 + 0303

where frer(q") is the KBF aggregator function defined by (17) and a. is set equal to 1.3 Note that
the model defined by (26) is restrictive from the economic perspective because the additive nature
of definition (26) implies that the composite first commodity is perfectly substitutable with the
new and disappearing commodities (which are also perfect substitutes for each other after quality
adjustment). However, if the products under consideration are highly substitutable for each other,
the implicit assumption of perfect substitutes for missing products will be acceptable. Moreover,
the advantage of this form of quality adjustment is that it is relatively easy to explain to the public
and it is fairly straightforward to implement.

The restriction that there is only one new product and one disappearing product is readily relaxed.
The overall price index will continue to be Pe(p",p%",q*",g*") and counterparts to equations (25)
can be used to generate imputed prices for the missing products.

We turn now to applications of the basic framework explained in section 2 where conditions (10)
only hold approximately rather than exactly.

5. Weighted Time Product Dummy Regressions

In this section, we consider a special case of the model of economic behavior explained in section
2 above where there are N products in the aggregate and T periods. Let p' = [pu,...,.pn] and ' =
[Qu,....0n] denote the price and quantity vectors for time periods t = 1,...,T. Initially, it is assumed
that there are no missing prices or quantities so that all NT prices and quantities are positive. We
assume that the quantity aggregator function f(q) is the following linear function:

(27) () = f(q2,92,---,An) = Zn=1" ainGn = 01-q

where the an are positive parameters, which can be interpreted as quality adjustment factors.
Under the assumption of maximizing behavior on the part of purchasers of the N commodities,
assumption (27) applied to equations (10) implies that the following NT equations should hold
exactly:

(28) ptn = o ; n=1,.N:t=1,.T

where we have redefined the period t price levels P! in equations (10) as the parameters n; for t =
1,..,T.

30 Note that the aggregate price index that is generated by this model is Pe(p'*,p?",q*",q%") which does not
use the unmatched prices for the two periods.

3Lt is not necessary to use the KBF aggregator function in the above model; any aggregator function that
has an exact index number associated with it will work. See Diewert (1976) for examples of exact index
number formulae.
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Note that equations (28) form the basis for the time dummy hedonic regression model which is
due to Court (1939). It can be seen that these equations are a special case of the general model
of consumer behavior that was explained in section 2 above.

At this point, it is necessary to point out that our consumer theory derivation of equations (28) is
not accepted by all economists. Rosen (1974), Triplett (1987) (2004) and Pakes (2001)* have
argued for a more general approach to the derivation of hedonic regression models that is based
on supply conditions as well as on demand conditions. The present approach is obviously based
on only consumer preferences. This consumer oriented approach was endorsed by Griliches
(1971; 14-15), Muellbauer (1974; 988) and Diewert (2003a) (2003b).3* Of course, the separability
assumptions which justify the present consumer approach are quite restrictive but, nevertheless, it
is useful to imbed hedonic regression models in a traditional consumer demand setting.

Empirically, equations (28) are unlikely to hold exactly. Thus following Court (1939), we assume
that the exact model defined by (28) holds only to some degree of approximation and so we could
add error terms en to the right hand sides of equations (28). The unknown parameters, © =
[71,...,n7] and a = [ou,...,an], could be estimated as solutions to the following (nonlinear) least
sguares minimization problem:

(29) min o, anlN thlT [pm —’ﬂitOLn]2 .

However, in section 13 of Chapter 7, we showed that the estimated price levels &, that solve the
minimization problem (29) had unsatisfactory axiomatic properties. Thus we took logarithms of
both sides of the exact equations (28) and added error terms to the resulting equations. This led to
the following least squares minimization problem:

32 This was Court’s (1939; 109-111) hedonic suggestion number two. He transformed the underlying
equations (28) by taking logarithms of both sides of these equations (which will be done below). He chose
to transform the prices by the log transformation because the resulting regression model fit his data on
automobiles better. Diewert (2003b) also recommended the log transformation on the grounds that
multiplicative errors were more plausible than additive errors.

3 «“The derivatives of a hedonic price function should not be interpreted as either willingness to pay
derivatives or cost derivatives; rather they are formed from a complex equilibrium process.” Ariel Pakes
(2001; 14).

3 Diewert (2003b; 97) justified the consumer demand approach as follows: “After all, the purpose of the
hedonic exercise is to find how demanders (and not suppliers) of the product value alternative models in a
given period. Thus for the present purpose, it is the preferences of consumers that should be decisive, and
not the technology and market power of producers. The situation is similar to ordinary general equilibrium
theory where an equilibrium price and quantity for each commodity is determined by the interaction of
consumer preferences and producer’s technology sets and market power. However, there is a big branch of
applied econometrics that ignores this complex interaction and simply uses information on the prices that
consumers face, the quantities that they demand and perhaps demographic information in order to estimate
systems of consumer demand functions. Then these estimated demand functions are used to form estimates
of consumer utility functions and these functions are often used in applied welfare economics. What
producers are doing is entirely irrelevant to these exercises in applied econometrics with the exception of
the prices that they are offering to sell at. In other words, we do not need information on producer marginal
costs and markups in order to estimate consumer preferences: all we need are selling prices.” Footnote 25
on page 82 of Diewert (2003b) explains how the present hedonic model can be derived from Diewert’s
(2003a) consumer based model by strengthening the assumptions in the 2003a paper.

% This model is an adaptation of Summer’s (1973) country product dummy model to the time series
context. See Aizcorbe, Corrado and Doms (2000) for an early application of this model in the time series
context.
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(30) min ;,  Zn=1" Ze=1" [INpn — pr — Bn]?
where the new parameters p; and B, were defined as the logarithms of the m; and aw,; i.e., define :

=1..T,

(31) pt= Inm X .
1,..N.

t
(32) Ba=Ina ; n

However, the least squares minimization problem defined by (30) does not weight the log price
terms [Inpn — pt — Bn]? by their economic importance and so in section 15 of Chapter 7, we
considered the following weighted least squares minimization problem:*

(33) min p, g Tn=1" Zi=1" Sw[INPtn — pt — Pu]?

where sy, is the expenditure share of product n in period t. The first order necessary conditions for
p =[p1,....pr ] and B* = [B1",....Bn"] to solve (33) simplify to the following T equations (34) and
N equations (35):

(34) pt" = Zn=1V Su[Inpw — Bn] ; t=1,.
(35) B”* = ! Sm[lnpm - pt*]/(Zt:lT Stn) ; n=1..N.

The solution to (34) and (35) is not unique: if p* = [p1",....,or] and B = [B1",...,.Bn"] solve (34) and
(35), then so do [p1"+A,...pT +A] and [Bi"—A,....Bn"—A] for all A. Thus we can set p;” = 0 in
equations (35) and drop the first equation in (34) and use linear algebra to find a unique solution
for the resulting equations.®” Once the solution is found, define the estimated price levels n;" and
quality adjustment factors o, as follows:

(36) m" =exp[pc];t=1,..T; an =exp[Bn];n=1,.,N.

The price levels r;" defined by (36) are called the Weighted Time Product Dummy price levels.
Note that the resulting price index between periods t and t is equal to the following expression:

(37) ni'Im.” = Tn=1" exp[smln(pm/on) T Tn=1" exp[Smln(pwm/on)] ; 1<t t<T.

If sm = S for n = 1,...,N, then ="/n.” will equal a weighted geometric mean of the price ratios
Pw/P-n Where the weight for pw/p-n is the common expenditure share sy = Sw. Thus mt:/n.” will not
depend on the a,” in this case.

Once the estimates for the n: and o, have been computed, we have two methods for constructing
period by period price and quantity levels, P*and Q' for t = 1,...,T. The =" estimates can be used

% Rao (1995) (2004) (2005; 574) was the first to consider this model using expenditure share weights; see
also Diewert (2004). However, Balk (1980; 70) suggested this class of models much earlier using
somewhat different weights. For the case of 2 periods, see Diewert (2004) (2005a) and de Haan (20043).

37 Alternatively, one can set up the linear regression model defined by (sm)Y2INpn = (Stn)*?pt + (Stn)*Pn + €t
fort =1,.,T and n = 1,...,N where we set p1 = 0 to avoid exact multicollinearity. Iterating between
equations (34) and (35) will also generate a solution to these equations and the solution can be normalized
so that p1 = 0.



15

to form the aggregates using equations (38) or the an” estimates can be used to form the
aggregates using equations (39):%

(38) P" =mn"; Q" =p'q/ni;
(39) Q" =a’q'; P =p'gla’q';

Define the error terms ewn = Inpy — Inmt” — Inay” fort=1,...,Tand n=1,...,N. If all e = 0, then P*
will equal P** and Q" will equal Q" for t = 1,...,T. However, if the error terms are not all equal to
zero, then the statistical agency will have to decide on pragmatic grounds which option to use to
form period t price and quantity levels, (38) or (39).%

It is straightforward to generalize the weighted least squares minimization problem (33) to the
case where there are missing prices and quantities. As in section 17 of Chapter 7, we assume that
there are N products and T time periods but not all products are purchased (or sold) in all time
periods. For each period t, define the set of products n that are present in period t as S(t) = {n: pn
>0} for t = 1,2,...,T. It is assumed that these sets are not empty; i.e., at least one product is
purchased in each period. For each product n, define the set of periods t where product n is
present as S*(n) = {t: pm > 0}. Again, assume that these sets are not empty; i.e., each product is
sold in at least one time period. The generalization of (33) to the case of missing products is the
following weighted least squares minimization problem:

(40) min . Zt=1" Znes Sn[INPm — pt — Bnl® = Min 55 Zn=1t™ Ztesxy Sw[INPn — pt — Bnl*

Note that there are two equivalent ways of writing the least squares minimization problem; the
first way uses the definition for the set of products n present in period t, S(t), while the second
way uses the definition for the set of periods t where product n is present, S*(n). The first order
necessary conditions for ps,...,pr and Bi,...,Bn to solve (40) are the following counterparts to (34)
and (35):

(41) Znes) Stn[pt* + Bn*] = Znesw) Stnlnptn ; t=1,...T,
(42) Ztes*(n) Stn[Pt* + Bn*] = Ytes*(n) Stnlnptn ; n=1,..,N.

As usual, the solution to (41) and (42) is not unique: if p* = [p1",...,or'] and B" = [B1",...,Bn"] Solve
(41) and (42), then so do [p1™+A,...,pr +A] and [B1"—A,...,Bn"—A] for all A. Thus we can set p1“ =0
in equations (42), drop the first equation in (41) and use linear algebra to find a unique solution
for the resulting equations.*

Define the estimated price levels ;" and quality adjustment factors o,” by definitions (31) and
(32). Substitute these definitions into equations (41) and (42). After some rearrangement,
equations (41) and (42) become the following ones:

3 Note that the price level P™ defined in (39) is a quality adjusted unit value index of the type studied by
de Haan (2004b).

%9 In section 21 of Chapter 7, the following multilateral test was considered: Test 2: The fixed basket test for
prices or the strong identity test for quantities: If " = ¢! = g, then the price index for period t relative to
period r is pm'(P,Q)/pm'(P,Q) = pta/p"q. If the price and quantity aggregates are formed using equations
(39) rather than (38), then this Test will be satisfied. However, the more usual approach is to define the
period t price and quantity aggregates using equations (38). If this is done, then in general, the Weighted
Time Product Dummy price level functions, pwreo'(P,Q), will not satisfy the basket test, Test 2.

40 The resulting system of T — 1 + N equations needs to be of full rank in order to obtain a unique solution.
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(43) Ttt* = eXp[ZnGS(t) Stnln(ptn/an*)] X yoes
.N.

t=1,.
(44) on = eXp[ZteS*(n) Stnln(ptn/nt*)/ztes*(n) Stn] ; n=1,.

Once the estimates for the w: and an have been computed, we have the usual two methods for
constructing period by period price and quantity levels, P* and Q' for t = 1,...,T. The counterparts
to definitions (38) are the following definitions:

(45) P" = " = exp[Znes Smln(pr/an)] ; t .
(46) Q" = Znes(y PnGen/P" ; t=1,..T.

Thus P¥ is a weighted geometric mean of the quality adjusted prices pw/an” that are present in
period t where the weight for pm/a” is the corresponding period t expenditure (or sales) share for
product n in period t, sw. The counterparts to definitions (39) are the following definitions :

(47) Q™ = Znesy 0t Gn ; t=1,.T;
(48) P™" = Znes@ Pt/ Q™ t=1,.T;
= Yhes() ptnqtn/EneS(t) (Xn*qtn using (47)

= EneS(t) ptnqtn/EneS(t) (Xn*(ptn)_lpthtn
= [Znesq Sn(Pwl/on’) ]

< exp[Znesc) Stnln(ptn/an*)]

= Pt*

where the inequality follows from Schlémilch’s inequality*; i.e., a weighted harmonic mean of
the quality adjusted prices pw/ain” that are present in period t, P, will always be less than or equal
to the corresponding weighted geometric mean of the prices where both averages use the same
share weights sy, when forming the two weighted averages. The inequalities P < P imply the
inequalities Q™" > Q" for t = 1,...,T. This algebra is due to de Haan (2004b) (2010) and de Haan
and Krsinich (2018; 763). The model used by de Haan and Krsinich is a more general hedonic
regression model which includes the time dummy model used in the present section as a special
case. Thus their algebra can be applied to all of the subsequent hedonic regression models in the
following two sections that use time dummies, share weights and log prices.

If the estimated errors en = Inpn — pi” — Bn” that implicitly appear in the weighted least squares
minimization problem turn out to equal 0, then the underlying model, pwn = man for t = 1,...,T,
neS(t), holds without error and thus provides a good approximation to reality. Moreover, under
these conditions, P will equal P*™ for all t. If the fit of the model is not good, then it may be
necessary to look at other models such as those to be considered in subsequent sections.

The solution to the weighted least squares regression problem defined by (40) can be used to
generate imputed prices for the missing products. Thus if product n in period t is missing, define
P = i an”. The corresponding missing quantity is defined as gw = 0. Some statistical agencies
use hedonic regression models to generate imputed prices for missing prices and then use these
imputed prices in their chosen index number formula. This imputation procedure is an alternative
to the inflation adjusted carry forward price procedure explained in section 3. From the viewpoint
of the economic approach to index number theory, the section 3 procedure seems to be preferable
since the Fisher index used in section 3 is a fully flexible functional form whereas the preferences
that are exact for the Weighted Time Product Dummy model must be either linear in quantities or

41 See Hardy, Littlewood and Polya (1934; 26).
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be Cobb Douglas. However, as indicated above, if the error terms in (40) are small, the missing
product prices generated by the solution to (40) can be used with some confidence.

The axiomatic properties of the price level functions m;" generated by the solution to (40) were
studied in section 21 of Chapter 7 and will be noted in the following section. One unsatisfactory
property of the WTPD price levels ;" is the following one: a product that is available in only one
period out of the T periods has no influence on the aggregate price levels r;". This means that the
price of a new product that appears in period T has no influence on the price levels. The hedonic
regression models in the next section that make use of information on the characteristics of the
products do not have this unsatisfactory property of the weighted time dummy hedonic regression
models studied in this section.

6. The Time Dummy Hedonic Regression Model with Characteristics Information

In this section, it is again assumed that there are N products that are available over a window of T
periods. As in the previous sections, we again assume that the quantity aggregator function for the
N products is the linear function, f(q) = a-q = Za=1N andn Where gy is the quantity of product n
purchased or sold in the period under consideration and a. is the quality adjustment factor for
product n. What is new is the assumption that the quality adjustment factors are functions of a
vector of K characteristics of the products. Thus it is assumed that product n has the vector of
characteristics z" = [zn1,Zn2,...,Zn] for n = 1,...,N. We assume that this information on the
characteristics of each product has been collected.*? The new assumption in this section is that the
quality adjustment factors a. are functions of the vector of characteristics z" for each product and
the same function, g(z) can be used for each quality adjustment factor; i.e., we have the following
assumptions:

(49) on = 9(2") = 9(zn1,Zn2,-.,ZnK) ; n=1,.,N.

Thus each product n has its own unique mix of characteristics z" but the same function g can be
used to determine the relative utility to purchasers of the products.*® Define the period t quantity
vector as g' = [Qu,...,qun] for t = 1,...,T. If product n is missing in period t, then define gn = 0.
Using the above assumptions, the aggregate quantity level Q! for period t is defined as:

(50) Qt = f(qt) = Zn:lN Olnqtn = anlN g(zn)qtn , t= 1,...,T.

Using our assumption of (exact) utility maximizing behavior with the linear utility function
defined by (50), equations (10) become the following equations:

(51) ptn = mg(2") ; t=1,..,T; neS().

The assumption of approximate utility maximizing behavior is more realistic, so error terms need
to be appended to equations (51). We also need to choose a functional form for the quality
adjustment function or hedonic valuation function g(z). Consider the following functional form
for the hedonic valuation function:

42 Basically, we want to collect information on the most important price determining characteristics of each
product; see Triplett (2004) and Aizcorbe (2014) for many examples of this type of hedonic regression and
references to the applied literature on this topic.

43 In this section, we require that each of the N products possess a positive amount of each characteristic;
i.e., we require that z" >> Ok for n = 1,...,N. This assumption will be relaxed in the following section.
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(52) 9(z) = 9(z1,...,zx) = €"° H:lek” .

Define the logarithms of the quality adjustment factors o, as follows:
(53) Bn = Inan = Ing(z") = yo + Zk=1 yInznk ; n=1,.,N

where we have used assumptions (50) and (53). Now take logarithms of both sides of equations
(51) and add error terms ey, to the resulting equations. Using equations (53), we obtain the
following system of estimating equations:**

(54) Inpn = pt + 0 + Zk=1X YdnNZok + € ; t=1,.,T; neS(t)

where as usual, we have defined p as Inm, for t = 1,...,T. Equations (54) are the equations which
characterize the classic log linear time dummy hedonic regression model.*> Note that our
derivation of this model rests on the assumption of approximate utility maximizing behavior on
the part of purchasers of the N products. Note also that our underlying economic model, which
sets the error terms equal to zero, assumes that the N products are perfect substitutes once they
have been quality adjusted, where the logarithms of the quality adjustment factors are defined by
(53).%

Estimates for p = [p1,...,pr] and y = [yo,y1,...,yk] Can be obtained by minimizing the sum of the
squared errors en which appear in equations (54). This leads to the following least squares
minimization problem:

(55) min .Y Si=t” Zhes(t) [Inpm —pt—Yo— DI Yk|nan]2.

A solution p, y to the minimization problem (55) will satisfy the following first order conditions:

(56) Znese [INpm — pr — Yo — =t yudnza] =0 ; t=1..T;
(57) Zt=1" Znes [P — pt — yo — Zi=1® yInzn] =0 ;
(58) Etle ZneS(t) [Inpm —pt—7Yo— Zkle ykannk]man =0; k= 1,..K.

Equations (56)-(58) are T+1+K equations in the T+1+K unknown parameters in the vectors p and
v. However, solutions to these equations are not unique; if p. fort=1,...,T and y« for k =0,1,....K
is a solution to (56)-(58), then p; + A fort =1,....T, yo — A and y« for k = 1,...,K is also a solution
for any number A. Thus a normalization on these parameters is required for a unigue solution to

4 If both sides of equation tn in equations (54) are differentiated with respect to Inzn, we find that
olnpw/dlnz = vk for neS(t). Thus y« is the percentage change in the price of a product with respect to a one
percent increase in the amount of characteristic k in a product. In general, this (constant) elasticity will be
positive; i.e., a small increase in the amount of characteristic k that is present in a generic product will
increase the price of the product.

% This model was first introduced by Court (1939) as his hedonic suggestion number 2. It was popularized
by Griliches (1971; 7) and others. See Triplett (2004) and Aizcorbe (2014) for hundreds of references to the
literature on the use of this model.

46 Thus smaller in magnitude errors e, in the hedonic regression imply that the underlying economic model
provides a closer approximation to actual behavior; i.e., a higher R? for the linear regression model defined
by (54) means that the underlying economic model provides a closer approximation to actual behavior.
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(56)-(58).4 Choose the normalization p:” = 0 which is equivalent to m;" = 1. Thus set p;" =0 in
equations (56)-(58), drop the first equation in equations (56) and solve the remaining T+K
equations for ps,..., pr~and yo", y1",..., v«.*® Once these parameters have been determined, the
estimated B," = Inaw" can be defined as follows using definitions (53):

(59) Bn" =Inon” =Ing(z") = yo" + Zk=1* v InZnk ; n=1,.,N.

Using equations (56) evaluated at p* and y" and definitions (59), we see that Inm" = p¢” is equal to
the following expression:

(60) Inmie” = [LN(D)] Znese IN(Prfon”) ; t=1,.7T

where o, = exp[Ba’] for n = 1,...,N and where N(t) is equal to the number of products that are
available in period t. Thus the estimated period t price level, =", is an equally weighted geometric
average of the quality adjusted prices pw/an” for the products that are present in period t.#° Once
the ni" have been calculated, the price index between periods t and t is defined as ni'/n.” for 1 < t,
1 < T. If quantity data are available, then we have the usual two methods for constructing period
by period price and quantity levels, Ptand Q! fort = 1,...,T; see (45)-(48) above.

It is useful to compare the present time dummy hedonic regression that uses characteristics
information with the time dummy product regression in the previous section where the only
characteristic of each product was the product itself; i.e., recall the least squares minimization
problem defined by (30). It seems that this earlier model is more general than the present model.
To see this, define Bn" by definitions (59) for n = 1,...,N. Substitute these B," into the objective
function for the minimization problem defined by (30) in section 5. Thus these B," are feasible B
that could be inserted into (30) but they may not be optimal; i.e., in general, we can expect the
time dummy product least squares minimization problem defined by (30) to deliver a lower sum
of squared residuals than the solution to (55) delivers. Thus we might ask at this point why
consider the least squares problem (55) when, in general, the least squares problem (30) will
deliver a better outcome in terms of fitting the data? The problem with (30) is that there may be
no unique solution to the least squares minimization problem (even after setting p1 = 0) if product
turnover is rapid; i.e., if there are very few matched models in the window of observations, then
the regression associated with (30) may not have enough degrees of freedom to provide a solution
to the first order condition equations that are associated with this model. An extreme case where
there is no unique solution to (30) is the case where every product is a new one which appears in
only one period.* In this case, there are T + N — 1 unknown p; and B, parameters (after making
one normalization) and only T observed prices. Thus the use of hedonic regressions with

47\We also need the modified equations (56)-(58) to satisfy a full rank condition so that the matrix of
coefficients associated with these equations can be inverted. Thus in particular, K, the number of
characteristics, cannot be too big relative to N, the number of products.

8 Alternatively, set p1 = 0 in equations (54) and run a simple linear regression to obtain estimates for the
remaining parameters.

49 An equivalent result was derived in Triplett and McDonald (1977; 150).

%0 Housing is an example of such a unique product. Every dwelling unit is uniquely determined by its
location and over time, the structure associated with the housing unit depreciates in value with age (or it
may appreciate in value due to renovations and improvements). Thus hedonic regressions with housing
characteristics information must be used in order to obtain useful price indexes for housing. For
applications of hedonic regressions to property prices, see Eurostat (2013), Diewert, Haan and Hendricks
(2015), Hill (2013), Diewert and Shimizu (2015) (2016) (2020), Diewert, Huang and Burnett-Issacs (2017)
and Silver (2018).
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characteristics information is particularly useful in situations where there is rapid product
turnover and there are relatively few matched models.

The price levels n;" defined by (60) are not satisfactory for the following reason: suppose periods
T and t have exactly the same set of products that are available for those two periods. Then the
price index between those two periods is equal to the following expression:

(61) 7' /m” = Tnesqy (Pio/Pen) N0,

Thus the price index between the two periods is equal to a simple (equally weighted) geometric
average of the price ratios pw/p.n for the products that are present in both periods; i.e., the
economic importance of the products is not taken into account.®

In the previous section, we noted that weighting prices by their economic importance was
generally recommended (but not necessary if the fit of the corresponding hedonic regression was
good). The same conclusion applies in the present context. Thus if quantity information is
available (in addition to price and product characteristic information), then it is preferable to
generate p and y estimates by solving the following weighted least squares minimization
problem:®2

(62) min .y Zt=1" Znes Sn[INPn — pr— Yo — Zk=1" yINznk]?
where the expenditure or sales shares sy, are defined as sm = pnQun/Zicsy Pidsi for t = 1,...,T and

neS(t). A solution p, y to the minimization problem (62) will satisfy the following first order
conditions:

(63) Znes( Sm[INpm — pt — yo — Zu=1F yInzn] =0 ; t=1,.,T;
(64) Zt=1" Znes Sm[INpm — pt — yo — Si=t“ Nz ] =0
(65) Z=1" Znes Sm[INpm — pr — Yo — Zk=1 yudInza]INzak = 0 ; k=1,..K.

Equations (63)-(65) are T+1+K equations in the T+1+K unknown parameters in the vectors p and
v. However, solutions to these equations are not unique; if p: fort =1,...,T and y« fork =0,1,....K
is a solution to (63)-(65), then p; + A fort =1,....T, yo — A and y« for k = 1,...,K is also a solution
for any number A. Thus a normalization on these parameters is required for a unigue solution to
(64)-(65).5% Choose the normalization p:” = 0 which is equivalent to m;" = 1. Thus set p1” =0 in
equations (63)-(65), drop the first equation in equations (63) and solve the remaining T+K
equations for p2”,..., pr~ and vo', y1',..., 7. Once these parameters have been determined, the
estimated Bn" can be defined as Bn" = 0" + Zk=1¥ y'Inznk for n = 1,...,N. Once the B," have been

51 As in section 5, we note that if the estimated squared residuals for this model are small, then the
estimated m;" defined by (60) will be satisfactory since in this case, p' ~ mia” so that prices vary
(approximately) proportionally over time and thus [Tn=1" (pw/on”)"™N = =" for t = 1,..., T. Any missing price
for period t and product n is defined as pw = m"awn” in the products [Te=1" (pw/on”)YN. The idea of using the
R2 or the fit of a hedonic regression model to judge its adequacy can be traced back to Silver (2010; S220)
(2011; 561). He implicitly suggested that hedonic regressions should only be used when the products under
consideration are highly substitutable and hence when the R? for the relevant hedonic regression is high.

52 Diewert (2003b) (2005b) considered this model for the bilateral case where T = 2. Silver and Heravi
(2005) and de Haan and Krsinich (2014) (2018) considered the general model.

53 As usual, we need a full rank condition to be satisfied so that the matrix of coefficients in the system of
linear equations involving p and y can be inverted.



21

defined, the corresponding quality adjustment factors are defined as an” = exp[Bn"] > 0 for n =
1,...,N.

Using equations (63) evaluated at p* and y*, we see that ©;" = exp[p:] is equal to the following
expression:>

(66) " = exp[Znes Snln(pw/on’)] ; t=1,..T

with 71" = 1. Thus the period t estimated price level, &', is an expenditure share weighted
geometric mean of the quality adjusted period t prices, pw/an”, for the products n that are present
in period t. Once the &i;" have been calculated, the price index between periods t and = is defined
as ni/m. for 1 <t, © < T. Note that (62) depends on the availability of expenditure share
information. If, in addition, quantity data are available, then we have the usual two methods for
constructing period by period price and quantity levels, P' and Q' for t = 1,...,T; see (45)-(48)
above.

The new price indexes are a clear improvement over their unweighted counterparts defined earlier
by equations (60). In the present situation, using equations (66), we see that n;'/r. is a share
weighted geometric mean of the quality adjusted period t prices, pw/an’, for the products n that
are present in period t with weights sy in the numerator divided by the share weighted geometric
mean of the quality adjusted period t prices, p-/a”, for the products n that are present in period t
with weights s:» in the denominator. Thus economic importance of each product counts in the
present model whereas it did not in the corresponding unweighted model.

Note that equations (66) are the same as equations (43) in the previous section. The new quality
adjustment parameters o, are defined by the following counterparts to equations (44):

(67) an” = explyo” + Zk=1* vk Inzni] ; n=1,.,N.

Now use definitions (45)-(48) to define P¥, Q%, P and Q" where the new =" and on" are
defined by (66) and (67). We can again deduce the inequality in (48) using these new definitions;
i.e., we get the following inequalities due to de Haan (2004b) (2010) and de Haan and Krsinich
(2018; 763):

(68) P = 2neS(’r) ptnqmlznes(t) an*qtn < TCt* =Pp" ; t=1,.,T.

As in the previous section, P™ is a weighted geometric mean of the quality adjusted prices pw/on”
that are present in period t where the weight for pw/ai” is the period t expenditure (or sales) share
for product n in period t, sy, and P* is the corresponding weighted harmonic mean of the quality
adjusted prices pm/an” Using the same weights.

The solution to the weighted least squares minimization problem defined by (62) along with the
normalization p: = 0 can also be obtained by running the following linear regression with p; set
equal to zero :

(69) (sm)Y2Inpm = (Sm)?pt + (Stn)Y2y0 + (Stn)°Zk=1® ykINZnk + €1n ; t=1,...T; neS(t).

5 These equations are equivalent to equations (8) in de Haan and Krsinich (2018; 760).
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The solution to the weighted least squares regression problem defined by (62) can be used to
generate imputed prices for the missing products. Thus if product n in period t is missing, define
P = mi o . The corresponding missing quantity is defined as gwn = 0. As was mentioned in the
previous section, some statistical agencies use hedonic regression models to generate imputed
prices for missing prices and then use these imputed prices in their chosen index number formula.
If the weighted sum of squared errors, Zi1" Znes Sn[INPn — pr — yo — Zk=1X ykInznk]?, is small or
equivalently if the R? for the linear regression defined by (69) is large, then using the imputed
prices generated by this model to fill in for missing prices is justified.

Using the solution functions for the price levels =" given by (66) plus the definition of the
weighted least squares minimization problem (62), it can be shown that =" regarded as a function
of P=[pl,...p"], Q=[q},....q"] and Z = [Z},...,z] satisfies the following tests:>

Test 1: The weak identity test for prices. If p* = ptand q* = ¢!, then n"(P,Q,Z) = n."(P,Q.,2).

Test 2: The weak fixed basket test for prices or the weak identity test for quantities. If g* = q' = q
and p* = p' then the price index for period t relative to period t is n:"(P,Q,Z)/n."(P,Q,Z) = p'-q/p*-q.

Test 3: Linear homogeneity test for prices. Let A > 0. Then =/ (pt,....p" L Ap,pt*,....pT,Q,2) =
A (P,Q,Z) for t = 1,...,T. Thus if all prices in period t are multiplied by a common scalar factor
A, then the price level of period t relative to the price level of any other period r will increase by
the multiplicative factor A. ¢

Test 4: Homogeneity test for quantities. Let A > 0. Then = (P,q¢%,...,q %, 0%q",....q",2) =
n (P,Q,Z) fort = 1,...,T. Thus if all quantities in period t are multiplied by a common scalar factor
A, then the price level of any period r remains unchanged.

Test 5: Invariance to changes in the units of measurement of the characteristics. The price level
functions n"(P,Q,Z) for t = 1,...,T remain unchanged if the K characteristics are measured in
different units.

Test 6: Invariance to changes in the ordering of the commodities. The price level functions
n (P,Q,Z) for t = 1,...,T remain unchanged if the ordering of the N commodities is changed.

Test 7: Invariance to changes in the ordering of the time periods. If the T time periods are
reordered by some permutation of the first T integers, then the new price level functions are equal
to the same permutation of the initial price level functions.

Test 8: Responsiveness to Isolated Products Test: If a product is available in only one period in
the window of T periods, this test asks that the price level functions =n"(P,Q,Z) respond to
changes in the prices of these isolated products; i.e., the test asks that the price level functions are
not constant as the prices for isolated products change. This test is a variation of Test 5 suggested
by Zhang, Johansen and Nygaard (2019), who suggested a bilateral version of this test.%”

55 See Diewert (2004) (2005b) for materials on the test approach applied to time product hedonic
regressions with and without characteristics information.

5 Furthermore, the price levels 7. (P,Q,Z) for t # t are homogeneous of degree 0 in the components
of pt; i.e., we have n."(p?,....p" L, Ap,pt*e,....p",Q,2) = =, (P,Q,Z) for all T # .
57 This test was explicitly suggested by Claude Lamboray.
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The weighted time product dummy hedonic regression price levels using characteristics
information, the m;"(P,Q.Z), that solve (62), do not satisfy the following Tests 9-12.

Test 9: The strong identity test for prices. If p* = p, then =."(P,Q,2) = n:"(P,Q,2).

Thus Test 9 is similar to Test 1 but Test 9 asks that the price levels for two periods be equal if the
price vectors for the two periods are identical even if the quantity vectors for the two periods are
different whereas Test 1 asks that the price levels for two periods be equal if the price and
guantity vectors for the two periods are identical.

Test 10: The strong fixed basket test for prices or the strong identity test for quantities. If q° = g
= q, then the price index for period t relative to period t is n"(P,Q,Z)/=."(P,Q,Z) = p'-q/p*-q.%®

Test 11: Invariance to changes in the units of measurement for the quantities. The price level
functions n"(P,Q,Z) for t = 1,...,T remain unchanged if the N commodities are measured in
different units of measurement.

Test 12: Responsiveness to Changes in Imputed Prices for Missing Products Test: If there are
missing products in one or more periods, then one can define imputed prices for these missing
products. This test asks that the price level functions =."(P,Q,Z) respond to changes in these
imputed prices; i.e., the test asks that the price level functions are not constant as the imputed
prices change. This test allows a price level to decline if new products enter the marketplace
during the period and for consumer utility to increase as the number of available products
increases. If this test is not satisfied, then the price levels will be subject to new products bias.
This is an important source of bias in a dynamic product universe.

Many multilateral index number methods do not satisfy the strong identity Tests 9 and 10 and the
responsiveness Test 12, so the failure of the hedonic regression price levels to pass these tests is
not catastrophic. At first sight, the failure of the r."(P,Q,Z) to pass the invariance to changes in
the units of measurement for the N quantities g, is more worrisome. The failure of this test
suggests that the use of hedonic regressions to adjust for quality changes should be restricted to
classes of products that are similar and have a dominant characteristic that all of the products
possess. The quantity g, of each product should be measured in units of this dominant
characteristic. Thus if the product class is candy bars, the quantity of each product should be
measured by its weight. If the product class is a beverage, each product’s quantity should be
measured by its volume. If this advice is followed, then the unit of measurement for all quantities
in the aggregate will be the same. Thus if the units of measurement change, the change of units
should affect all quantities in the same way. It can be shown that the hedonic regression price
levels using characteristics information, =, (P,Q,Z), satisfy the following test:

Test 13: Restricted Change of Units Test. If the units of measurement for all products are changed
by the same factor, the price levels n{"(P,Q,Z) remain invariant; i.e., the price levels satisfy
n (671P,8Q,2) = n"(P,Q,Z) for all scalars 3 >0 fort=1,...,T.%°

58 The price levels 7" (P,Q,Z) that are directly defined from the solution to (62) using equations (66) will
not in general satisfy Test 10. However, if we use the solution to (62) to define the o™ and then use
definitions (47) and (48) to define the period t price and quantity levels, P*™ and Q", then the P™ will
satisfy Test 2. However, the present set of tests applies to the price levels m;'(P,Q,Z) that are directly
defined by the solution to (62).
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Thus the failure of the hedonic regression price levels to pass the unrestricted change of units test,
Test 6, is not catastrophic because for closely related products, these price levels will pass the
restricted change of units test, Test 13.

Recall that the weighted time product dummy price levels defined in the previous section had the
undesirable property that a product that is available in only one period out of the T periods had no
influence on the aggregate price levels ni;". This meant that the price of a new product that appears
in period T had no influence on the resulting price levels. The weighted time dummy hedonic
price levels n:"(P,Q,Z) defined in this section no longer have this undesirable property since they
satisfy Test 8 above.

It is possible to apply the tests listed above to the weighted time dummy price levels defined in
the previous section. However, in order to do this, the g(z) function defined by (52) needs to be
replaced by the linear function g(z) = a-z where z is now an N dimensional vector of
characteristics (instead of a K dimensional vector). Assume that there are N models and the
characteristics vector for product n is z" = e" for n = 1,...,N where e" is the nth unit vector; i.e., e"
is an N dimensional vector which has a 1 in component n and zeros elsewhere. Thus in this case,
the Z matrix is the N by N matrix Z = [z},72,...,z2"] = In where Iy is the N by N identity matrix.
With this new definition for g(z) and for the matrix Z, we have g(z") = g(e") = a-e" = a,, forn =
1,...,N, which are equations (49). Equations (51) become pwn = mg(z") = moan for t = 1,...,T and
neS(t). From these equations, we can follow the steps in the previous section and the counterpart
to the weighted least squares minimization problem (62) is (40), the final model in the previous
section. Thus we can apply the above tests to the price levels that result from solving (40). We
find that the weighted time dummy hedonic price levels without characteristics satisfies Tests 1-7,
11 and 13; they fail Tests 8-10 and 12. Thus the test performance of both methods is identical
except that the price levels from the weighted hedonic time product dummy model that result
from solving (40) pass Test 11 (invariance to changes in the units of measurement for quantities)
and fail Test 8 (responsiveness to isolated products test) and the weighted hedonic time product
dummy model that uses characteristics information that result from solving (62) pass Test 8 and
fail Test 11.%°

It is possible to derive some approximate equalities for the o,” that are counterparts to the exact
equalities (44) for the an” that were satisfied for the weighted time product dummy quality
adjustment parameters for the model defined by (40) in the previous section. Recall that the
estimated quality adjustment factors for the N products in the present model are the o, defined
by (67) for n = 1,...,N. The logarithms of these estimated quality adjustment factors are Bn" =
o™ = 10" + Zk=1® 1’Inza for n = 1,..,N. Once the p” = [p1",p2",....p7] and yv* = [yo"y1",....vk’]
solution to (62) has been determined (with p;” = 1), the sample residuals en" can be defined by
equations (70) below:

(70) en” = Inptn — pt — yo — Zk=1 1’ INZnk ; t=1,.,T;neS(t)
= Inptn - pt* - Bn*

% Notation: 5Q = [5q%,56¢?,..., 8q"]; i.e., if the N by T matrix Q is multiplied by the scalar 8, then all NT
elements in the matrix Q are multiplied by this scalar.

% However, as indicated earlier, often statistical agencies have to choose the hedonic regression model with
characteristics over the time product dummy model explained in the previous section due to frequent model
changes or to the fact that some products are unique (like housing). In the case of unique products, the time
dummy approach fails and the characteristics approach is the only viable approach.
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= In(pw/ni") — Bn” since pi = Inm;".
Rearranging equations (70), it can be seen that the B," satisfy the following equations:
(71) Bn" = In(pr/mt") — € ; n=1,..,N; teS(n).

For each n, multiply both sides of (71) by the share sw for each teS*(n) and sum the resulting
equations over all t that belong to the set S(n). The following system of N equations is obtained:

(72) 2Ztes*(n) Stan* = Ztes*(n) Stn[ln(pm/m*) — etn*] ; n=1,.,N
R Ytes*(n) Smln(pw/ TEt*)

where the approximate equalities in (72) will follow since the minimization problem defined by
(62) will make the squared errors (en")? small within the constraints of the hedonic model. Thus
we have the following approximation for the B,":%

(73) Bn* ~ [Etes*(n) Stnln(ptn/’ﬂ?t*)]/ztes*(n) Stn & n= 1,...,N.

Thus the logarithm of the product n quality adjustment factor, B,", is approximately equal to a
share weighted average of the logarithms of the inflation adjusted prices pw/m: for product n over
the periods t when this product was sold (or purchased) on the marketplace. Note that the
averages on the right hand sides of the approximate equalities (73) are taken over the entire
sample period.

The next few paragraphs will be devoted to addressing a problem that was first posed by de Haan
and Krsinich (2018; 760): are hedonic regression models consistent with the use of unit values to
aggregate over narrowly defined products at the first stage of aggregation?

Equations (70) and the definitions Bn"= Ina,,” for n = 1,...,N can be used to establish the following
equalities:

(74) o = o i explen’] ; t=1,.T.
Suppose that the underlying hedonic model holds exactly so that each error term ew" is equal to 0.
Finally, suppose that all of the products are perfect substitutes so that all of the quality adjustment
factors ain" are equal. Thus the following equations hold:

(75) o = == o

Thus all of the estimated on” will equal os” for n = 2,...,N. Since the en" = 0 by assumption,
explen’] = 1 for t = 1,...,T; neS(t). Substitute these relationships into equations (74). Now
multiple both sides of equation tn in equations (74) by gw for t = 1,...,T; neS(t). We obtain the
following system of equations after a certain amount of summation within each period:

(76) Znes@ PG = 01Tt Znes() Gin ; t=1,.,T.

51 These equations provide approximate counterparts to equations (44) which were exact for the weighted
time product dummy model discussed in section 5 above.
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Now take ratios of equations (76) for t = 1 and a general t. After a bit of rearrangement, we obtain
the following expression for the price index between periods 1 and t:

(77) Ttt*/TCl* = {Znes(t) pthtn/ZneS(t) qtn}/{znes(l) panm/Znesu) an}; t= 1,---,T-

The right hand side of (77) for period t can be recognized as the unit value price index between
periods 1 and t.

The above algebra resolves the index number discontinuity problem recognized by de Haan and
Krsinich (2018; 760). These authors noted that the weighted geometric mean representation for
T = eXp[Znesq Smln(pm/an’)] (recall equations (66)) did not seem to collapse down to a unit value
index if all of the estimated a.n” were equal, which is disconcerting because if the products are
perfect substitutes (without quality adjustment), then the appropriate index should collapse down
to a unit value index (because each additional unit of any product gives the purchaser the same
utility). However, if the products are perfect substitutes and markets are functioning properly, the
price of every product in the group under consideration should be the same in each period. Under
these conditions, the estimated o, will all be equal and equations (74) will become pn = ou'nt”
and equations (77) will hold. Thus under these conditions, there is no discontinuity problem.

As was noted above, once the estimated coefficients n° = [r",...,nr ] and o” = [a1’,...,an"] have
been determined, these estimates can be used to determine imputed prices for the missing
observations; i.e., if product n in period t is missing, define pnm = nan". The corresponding
missing quantities and shares are defined as qw = 0 and sy = 0. Using these imputed prices and
guantities, we can form complete price, quantity and share vectors for all N products for each
period t. Denote these vectors as p', g' and s' for t = 1,...,T. Using the fact that the share for a
missing product is equal to zero, we can rewrite equations (66) as follows:

(78) Tft* = Hn:lN (ptn/an*) S , t = 1,...,T.

Define the sequence of hedonic price indexes, P4, as Pu' = ni/'/my” for t = 1,...,T.%2 Using equations
(66) and Bn" = Ina,” for n = 1,...,N, we have the following expressions for the logarithms of the
hedonic price indexes:

(79) InPHt = Zn:lN Stn(lnp[n - Bn*) - Zn:]_N S]_n(lnp]_n - Bn*) , t = 1,...,T.

It is now possible to compare the sequence of price indexes to the corresponding Térnqgvist Theil
fixed base indexes that make use of the imputed prices generated by the present model for the
missing products. The logarithm of the fixed base T6érngvist Theil price index between periods 1
and t, P, is defined as follows:®?

(80) InPTt = Zn:lN ]/Z(Stn + 51n)(|nptn - Inpln) t = 1,...,T
= Zn=a" Ya(sin + S10)[(INPn — Bn”) — (INP1n — )]

62 Recall that we set p1” = 0 when solving equations (63)-(65) and hence n;" = 1. This fact and the first
equation in (66) implies that ©1" = 1 = exp[Znes) Swln(Pin/on”)] = exp[Ena=1N sinIn(pin/an”)] and thus Pyt =
n/m” =" fort=1,..,T. However, when we compare Py to the corresponding fixed base Térngvist index
P%, it proves to be more convenient to define Pyt as ni"/my” for t = 1,..., T where n;" is defined by the first
equation in (66).

8 The imputed prices and shares defined above equations (78) are used to fill in any missing prices and
shares in the Tornqvist formula.
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Taking the difference between (79) and (80), we can derive the following expressions for t =
1,2,...T:

(81) InPHt - Inl:)Tt = Zn:lN ]/Z(Stn - Sln)(lnptn - Bn*) + Zn:]_N 1/2(Stn - Sln)(lnpln - Bn*).

Since Zp=1M (St — S1n) = 0 for each t, the two sets of terms on the right hand side of equation t in
(81) can be interpreted as normalizations of the covariances between s — s and Inp' — B* for the
first set of terms and between st — s and Inp* — B* for the second set of terms. If the products are
highly substitutable with each other, then a low pw will usually imply that Inpy, is less than the
average log price B and it is also likely that si is greater than si, S0 that (Swm — S1n)(INPtn — Bn”) iS
likely to be negative. Hence the covariance between st — s and Inp' — B* will tend to be negative.
On the other hand, if pin is unusually low, then Inpi, will be less than the average log price Bn”
and it is likely that s, is greater than sy so that (Sm — Sin)(INpin — Bn”) is likely to be positive.
Hence the covariance between s' — s* and Inp! — B will tend to be positive. Thus the first set of
terms on the right hand side of (81) will tend to be negative while the second set will tend to be
positive. If there are no divergent trends in log prices and sales shares, then it is likely that these
two terms will largely offset each other and under these conditions, P! is likely to approximate
Pt reasonably well. However, with divergent trends and highly substitutable products, it is likely
that the first set of negative terms will be larger in magnitude than the second set of terms and
thus Pyt is likely to be below P+ under these conditions. On the other hand, if there are missing
products in period 1, then the second set of covariance terms can become very large and positive
and outweigh the first set of generally negative terms.5 The bottom line is that Py' and P+' can
diverge substantially. In such a case, it may be preferable to use the hedonic regression to simply
fill in the missing prices and use a superlative index to generate price indexes rather than use the
price levels n" generated by the hedonic time dummy regression as the price indexes.®

The hedonic valuation function g(z) defined by (49) has a useful property: one can impose
constant returns to scale in the characteristics( the property g(Az) = Ag(z) for all A > 0) if the y«
satisfy the restriction =1 yx = 1. However, if we want to apply equations (63)-(65) or equations
(69) as estimating equations for the unknown parameters in g(z), we need positive amounts of all
characteristics in all models so that Inznk is well defined; i.e., we need z, > 0 for all n = 1,...,N
and k = 1,...,K. The alternative hedonic regression model to be considered at the beginning of the
following section relaxes this positivity restriction.

7. Alternative Hedonic Regression Models with Characteristics Information

As noted in the previous section, the hedonic valuation function g(z) defined by (52) requires that
positive amounts of all characteristics be present in all N models. It would be useful to have a
hedonic regression model that could in principle deal with the introduction of new characteristics
over the sample period. This can be done if we replace the g(z) defined by (52) by the following
functional form for g(z):

(82) g(Zl,Zz,...,ZK) = exp[yo + Zkle ’yka].

64 See Diewert (2018; 39) for just such an example.
% However, if the fit in the hedonic regression is good, then prices are close to being proportional over time
and the price levels generated by the hedonic regression will generate satisfactory results.
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Using this new hedonic valuation function and making the same assumptions (49)-(51) as were
made in the previous section along with the new assumption (82), we obtain a new weighted least
squares minimization problem that is a counterpart to (62). The new system of estimating
equations which are counterparts to equations (69) are the following ones:

(83) (51)2INPrn = (Stm) [Pt + Yo + Zk=1® Yz + €1n ; t=1,.,T; neS(t)

where as usual, p: = Inm; for t = 1,...,T. We can find estimators for the unknown parameters in
equations (83) by running the linear regression defined by (83) (with p: set equal to zero) or by
minimizing the following sum of weighted squared residuals ey, with respect to the components of
the parameter vectors p and y:%

(84) min ,y Zt=1" Znes Su[INPmn — pt — Yo — Zk=1X yiznk]?

A solution p, y to the minimization problem (84) will satisfy the first order conditions (63)-(65) in
the previous section, except that znk replaces Inzn for all n and k. The rest of the analysis of the
hedonic regression model defined by (84) follows along the same lines as the share weighted
model (62) defined in the previous section. In particular, in order to obtain a unique solution to
the modified equations (63)-(65), we impose the normalization p; = 0 and drop the first equation
in the modified equations (63).5” The new product n quality adjustment parameters B, and a." are
defined by equations (85) and the new sample residuals are defined by equations (86):

(85) Bn" = Inow”™ = Ing(z") = 0" + ket 1" Znk ; n=1,.,N;
(86) en = Inpm — pt" — Y0  — k=1 Yk Zok ; t=1
= Inpm — pt* - Bn*-

The new period t price levels, m:", are still defined by equations (66). The remaining equations
(72)-(81) in section 6 apply to the hedonic regression model defined by (84). Once the n:" have
been calculated, the price index between periods t and = is defined as n"/n. for 1 <t, t < T.

As usual, we can use definitions (45)-(48) to define P, Q, P*" and Q" where the new =" and
an” are used in these definitions. We can again deduce the de Haan inequalities Pt < P* for t =
1,...,T. defined by (66) and (67). The axiomatic properties of the new price levels m;"(P,Q,Z) are
the same as the properties for the weighted time product dummy model that was defined by (62)
in the previous section.

The hedonic regression models defined by (84) and its equally weighted counterpart which set all
st = 1 were implemented by de Haan and Krsinich (2018) using monthly New Zealand data over
3 years (so that T = 36) for the following 7 classes of electronic products: desktop computers,
laptop computers, portable media players, DVD players, digital cameras, camcorders and
televisions. For each product class, they had data on approximately 40 characteristics. The data
were aggregated across outlets and basically covered the New Zealand market. New products
entered each of the 7 markets at monthly rates that ranged from 24% to 29% and old products
disappeared at rates that ranged from 23% to 29%. Thus there was a tremendous amount of
product churn in each of the 7 categories. Once the weighted and unweighted regressions defined

% This is precisely the model studied by de Haan and Krsinich (2018). The results we derive below are
identical to their results.

57 As usual, we need a full rank condition to be satisfied so that the matrix of coefficients in the system of
linear equations involving p and y can be inverted.
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by (84) were run for each category, the alternative price levels, P* and P™, were computed for
each of the 7 categories and compared.® They found that P* was very close to P™ for each
category when the weighted regressions were used. This suggests that it may not matter that much
which method for computing the P! is used, since the direct hedonic regression price level
estimates n;” were always very close to the indirect estimates based on deflating period t values
by Znesm on Gm. This is a very encouraging result. However, it was a different story for the
unweighted hedonic regressions: they were much more volatile than their weighted counterparts
and the direct and indirect price levels that they generated were frequently noticeably different.
Moreover the unweighted regressions generated a sequence of price levels that had substantially
different trends than the corresponding trends for the weighed regressions. Our conclusion is that
the results obtained by de Haan and Krsinich support the use of weighted hedonic regressions
over their unweighted counterparts.

The above results were for regressions that covered the entire sample period. Statistical agencies
that produce consumer price indexes need to produce monthly indexes that do not revise the data
for the previous months. In order to deal with these constraints, Ivancic, Diewert and Fox (2009)
suggested the use of a rolling window time dummy regression approach with a window length of
13 months (so that strongly seasonal commodities could play a role in the resulting indexes). De
Haan and Krsinich (2018; 773) implemented this rolling window approach for their seven product
categories with a window length of 13 consecutive months for each weighted hedonic regression.
The month to month change in the estimated price levels (using the P™* option) for the last two
months in the new window was used to update the results of the previous regression. Thus in the
end, they could compare this rolling window approach to the generation of a price level series for
each of the 7 categories with the corresponding one big weighed regression approach. For three of
the seven categories, they found that the rolling window series ended up well below the
corresponding single regression series and for one category, the rolling window series ended up
well above the corresponding single regression series. This is evidence of chain drift in these four
rolling window series. For these four series, it may be best to lengthen the window length for the
rolling window hedonic regressions. This will usually cure the chain drift problem.

For our next hedonic model, we introduce a discrete characteristic category; i.e., each product n
has a characteristic where there are M separate states for this characteristic. For example, the
product may come in 3 distinct package sizes: small, medium and large. In this case, M = 3. In
addition, there are K continuous price determining characteristics and each product n has varying
amounts of these characteristics. As usual, denote the vector of continuous characteristics for
product n by z" = [zp,...,znk] for n = 1,...,N. If product n belongs to discrete category m, define the
M dimensional vector x" for this product as X" = [Xn1,...,Xnm] = €™ where e™ is a unit vector with a
1 in component m and zeros elsewhere. We assume that there is at least one product that belongs
to each of the M discrete categories. We assume the existence of a hedonic product valuation
function, g(z",x"), that gives us the relative values for the N products where the logarithm of
g(z",x") is defined as follows:

8 The average unadjusted R? for the 7 weighted models was 0.981. The corresponding R? for the equally
weighted models was 0.885. This suggests that the popular products were close substitutes with each other
while the unpopular models were not as close substitutes. The fact that the R squares for the 7 classes of
products were so high means that the underlying assumption of a linear aggregator function (after quality
adjustment) is adequate to describe the data and thus it is not necessary to explore the alternative models
for estimating reservation prices that will be explained in subsequent sections. Of course, the drawback to
the hedonic regression models with characteristics is that it is necessary to collect information on
characteristics whereas the reservation price models which will be explained in subsequent sections do not
require information on characteristics.
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(87) Ing(z",X") = vo + Zk=1X yznk + Zm=1™ SmXom ; n=1,.,N.
As usual, the exact hedonic model for the prices is pm = mg(z",x") for t = 1,...,T and neS(t). Upon
taking logarithms of both sides of these price equations, using p: = Inm, for t = 1,...,T and using
definitions (87) for the N products in the sample, we obtain the following weighted hedonic
regression model:

(88) (Stn)l/2 Inptn = (Stn)l/2 [pt +yot k=1 YkZnk =M Smxnm] +en; t=1,..T, neS(t).

Rather than running the above linear regression (after imposing the normalizations p. = 0 and &:
= 0), we could instead minimize the following weighted sum of squared residuals:

(89) Min p,y,5 Zt=1" Znes@ Sn[INPtn — Pt — Yo — Zk=1™ YkzZok — Zm=1™ SmXom]?

where p = [p1,....p7], ¥ = [Yo,y1,-.Yk] @nd & = [64,...,6m]. A solution p, vy, & to the minimization
problem (89) will satisfy the following first order conditions:

(90) Znes(t) Stn[lnptn —pPt— Y0 — Zk:lK YkZnk — Zmle Sanm] =0; t=1,..,T,
(91) pl Znes() sm[lnpm —pt—7Yo— DI YkZnk — Sm=M Sanm] =0;

(92) thlT ZneS(t) Stn[lnptn —pPt—Yo— Zkle YkZnk — Zm:lM Sanm]an =0 ; k= 11---1K;
(93) thlT ZneS(t) Stn[lnptn — pPt— Yo — Zkle 'Yank - Zm:lM 8anm]Xnm =0 ; m= 11---1M-

Equations (90)-(93) are T+1+K+M equations in the T+1+K+M unknown parameters in the
vectors p, y and 5. However, solutions to these equations are not unique: the variables associated
with the py, yo and the &n parameters are collinear. In order to obtain a unique solution to
equations (90)-(93), it is necessary to impose two normalizations on these parameters. Choose the
normalizations p:” = 0 (which is equivalent to ;" = 1) and 8" = 0. Thus set p1" =0 and ;" =0 in
equations (90)-(93), drop the first equation in equations (90), drop the first equation in (93) and
solve the remaining T+K+M-1 equations for p",..., p1, o', Y1'reees YK's 02°...y OM™.8° ONCeE these
parameters have been determined, define the estimated logarithm of the quality adjustment factor
for product n as:

(94) Bn* = 'Yo* + Zk:]_K 'Yk*an + Zm:]_M Sm*Xnm = Inan* , n= 1,...,N.
Once the B, have been defined, the corresponding quality adjustment factors are defined as o
= exp[Bn"] > 0 for n = 1,...,N. Evaluate equations (90)-(93) at the solution p*, y*, 8" where p;" =0
and &;" = 0.7° Using definitions (94), equations (90) evaluated at the above solution become the
following equations:

(95) pt* = Yhesq) Sm[lnpm - Bn*] = Inm*; t=1,...T.

Thus the period t estimated price level =" = exp[p:] is a period t share weighted geometric
average of the period t quality adjusted prices, pw/an’, for neS(t).

% The number of observations in the window of observations must be equal to or greater than T+K+M-1.
More generally, the rank of the coefficient matrix that is associated with the T+K+M-1 remaining
equations in the system of equations defined by (90)-(93) is assumed to be full so that the coefficient matrix
has an inverse.

0 All T+K+M+1 of the equations (90)-(93) will be satisfied at this solution.
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With some new definitions, it is possible to provide fairly transparent interpretations for the
discrete variable parameters, the 8n". Define the set of observations t,n that are in the discrete
product group m as S™(m) for m = 1,...,M. For each model n, define the partial log adjustment
factor p," for the continuous characteristics as follows:

(96) un" =70 + Zk=1 1INz ; n=1,.,N.

Using these new definitions, it can be seen that equations (93), evaluated at the normalized
solution to the weighted least squares minimization problem (89), can be rewritten as follows:

(97) dm = ZtneS**(m) Stn[lnptn - pt* - Hn*]/zt,nes**(m) Stn , m=1,.,M.

Define 0," = exp[un] for n = 1,...,N. Then exp[8n] is equal to a share weighted geometric
average of the partially quality adjusted prices pw/ni'0," for all t,n that belong to the set S™(m);
i.e., for all observations over all periods on products that are in group m for the discrete
characteristic. Thus the characterizations of the 8n" given by equations (97) are intuitively
plausible.

The analysis in the previous section can be adapted to the model defined by (89). Once the m;"
have been calculated using definitions (95), the price index between periods t and = is defined as
ni/n. for 1 <t, © <T. Once the a” and m;" have been calculated using (94) and (95), we have the
usual two alternative methods for constructing period by period price and quantity levels, P* and
Q'fort=1,...,T. The first uses the n;" estimates as follows:

(98) P¥ =m;" ; t=1,.T;
(99) Q" = Znes(y PnGen/P" ; t=1,..T.
The second method uses the o estimates as follows:

(100) Qt** = Ynes(t) (Xn*qtn ; t=1,..T,
(101) P*™ = Znes(y Pnln/Q™ ; t=1,..T;

As usual, we have the inequalities P < P* fort=1,...,T.

As was the case for the previous hedonic regression models, the present model can be used to
generate estimates for missing prices using the equations pm = ni'an” if product n is missing in
period t. Using these estimates for missing prices, the analysis below equation (81) can be used to
analyse the difference between P* = "/n;" and the Tornqvist Theil index P! for period t.

We conclude this section by providing one more extension of the basic hedonic regression model
using characteristics defined by (84).

In many cases, the continuous characteristics which describe a product or model range from very
low values to very high values. In such cases, it is unlikely that a single parameter y. could
provide an adequate approximation to the value of additional amounts of the characteristic over
the entire range of feasible characteristic values. To deal with this difficulty, piecewise linear
spline functions can be introduced into the hedonic model. Thus let y be the amount of a
continuous characteristic that takes on a wide range of values. We again assume that there are N
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models or products and T time periods and we can observe the amounts z3,...,zx of K continuous
characteristics (where a single parameter vy can capture the value of an additional unit of z for k
=1,...,K) and the highly variable characteristic y that each product n has.

In order to obtain more flexibility with respect to the y characteristic, the observed products could
be grouped into say 3 groups with respect to the amounts of y that they possess: low, medium and
high amounts of y. In order to parameterize this grouping, pick y* and y*™* such that approximately
one third of the sample observations have y < y”, one third have y* <y < y™ and one third have
y™ <. Define the following dummy variable functions, Di(y) for i = 1,2,3, which depend on y:

(102) Di(y) =1 if y <y"and is equal to 0 elsewhere;
(103) D(y) =1 ify" <y <y™ and is equal to O elsewhere;
(104) Ds(y) =1 if y” <y and is equal to O elsewhere.

The above functions can be used to define the logarithm of the following partial hedonic
valuation function h(y):

(105) Inh(y) = Di(y)d1y + Da(y)[01y” + d2(y =y)] + Da(y)[dry™ + b2y =y*) + daly =y )]

Note that the logarithm of h(y) is a piecewise linear function of y."* If ¢1 = ¢p2 = ¢s, then Inh(y) =
d1y; i.e., under these conditions, Inh(y) becomes a linear function of y.

We assume the existence of an overall hedonic valuation function, g(z",y"), that defines the
relative utility for the N products where product n has characteristics defined by the vector z" =
[zn1,...,znk] @nd the scalar y". The logarithm of g(z",y") is defined as follows:

(106) Ing(z",y™ = vo + Zk=1¥ ykznk + Inh(y") ; n=1,.,N.

As usual, the exact hedonic model for the sample prices is pwn = mg(z"y") for t = 1,...,T and
neS(t). Upon taking logarithms of both sides of these price equations, using p: = Inm; for t =
1,...,T and using definitions (105) and (106), we obtain the following hedonic regression model:

(107) Inptn = pt + Yo + Zk=1X yiznk + Inh(y") + € ; t=1,.,T;neS(t)

where Inh(y") is defined by evaluating (105) at y = y". It can be seen that the unknown
parameters, p = [p1,....p7], ¥ = [Yo,y1,--,yx] and ¢ = [b1,d2,03], appear on the right hand sides of
equations (107) in a linear fashion so the unknown parameters can be estimated using linear
regression techniques.

In order to take into account the economic importance of each model, estimates for the unknown

parameters in equations (107) can be obtained by minimizing the following weighted sum of
squared residuals:

(108) min ;.4 ¢ Zt=1" Znes St[INPtn — Pt — Yo — k=1X ykzok — INh(Yy")]>.

"L This function is known as a linear spline function in the literature on nonparametric approximations. The
points y* and y** are called break points or knots. With a sufficient number of break points, any continuous
function can be arbitrarily well approximated by a linear spline function. See Poirier (1976) for applications
of regression models using splines.
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We leave the further analysis of this model to the reader after noting that in order to obtain a
unique solution to (108), we require a normalization on the p and yo such as p: = 0.

It is not necessary to restrict ourselves to hedonic regression models where the hedonic valuation
function g(z,y) is such that Ing(z,y) is linear in the unknown parameters. One can choose
functions g(z,y) such that Ing(z,y) is a nonlinear function of the unknown parameters and use
nonlinear estimation techniques to estimate the parameters. However, when estimating nonlinear
regression models that are fairly complex, it is not wise to attempt to estimate the final model
right away. It is best if there are very simple models that can be nested in the final model so that
one starts by estimating the simplest model and gradually, more bells and whistles are added until
one arrives at the final model. The final parameter values for a simpler model should be used as
starting parameter values in the next stage model if possible.”

All of the models for quality adjustment that we have considered thus far have assumed constant
tastes; i.e., the functional form for the aggregator function f(g) and for the hedonic valuation
functions g(z",y",x") have remained constant over the sample period. In the following section, this
assumption will be relaxed.

8. Hedonics and the Problem of Taste Change: Hedonic Imputation Indexes

A problem with hedonic regression models that are applied over many periods is that consumer
tastes may change over time. In this section, we will outline three possible methods for dealing
with the problem of taste change.

The first method that could be used to deal with taste change is to restrict the time dummy
hedonic regression models to the case of two adjacent periods. Each pair of periods allows for a
different set of tastes.” As each adjacent period time dummy regression model is run for say
periods t—1 and t, the estimated price level ratio, say m:"/n-1", is used as an update factor for the
price level of period t—1. Each bilateral regression will generate a set of quality adjustment factors
which can be used to fill in missing prices. Over time, these quality adjustment factors will
change. It can be seen that this model of taste change is somewhat inconsistent over time but it
does allow for taste change.

The second method for dealing with taste change is similar to the first method, except instead of
holding tastes constant for 2 consecutive periods, we hold tastes constant for T consecutive
periods. When the data for a subsequent period becomes available, the data for the first period is
dropped, the data for the new period is added to form a new window of T observations and a new
time dummy hedonic regression is run. This method assumes that tastes change more slowly than
the first method. This rolling window time dummy hedonic regression model " has a new
problem which did not arise with the adjacent period model: how should the results of the new
regression be linked to the results of the previous regression? Thus suppose the first window of
observations generates the sequence of price levels, m:%, w2t,..., et and these levels are labelled as
official indexes for the first T periods. Suppose the time dummy hedonic regression for the

"2 For examples of nonlinear hedonic models that make use of this nesting technique, see Chapter 10 or
Diewert, Haan and Hendricks (2015), Diewert and Shimizu (2015) (2016) (2020) or Diewert, Huang and
Burnett-Issacs (2017).

3 This method is due to Court (1939) and popularized by Griliches (1971). It is called the adjacent period
time dummy hedonic regression model.

4 This rolling window time dummy hedonic model was implemented by Ivancic, Diewert and Fox (2009)
and Shimizu, Nishimura and Watanabe (2010).
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second window generates the sequence of price levels no?, m32,..., nr+12. How exactly should the
official index for period T+1 be constructed? Ivancic, Diewert and Fox (2009) (2011) suggested
using period T as the linking observation. Krsinich (2016; 383) called this the movement splice
method for linking the two windows. Krsinich (2016; 383) also suggested that a better choice of
the linking observation in the context of her multilateral model was t = 2 and she called this the
window splice method. De Haan (2015; 26) suggested that the link period t should be chosen to
be in the middle of the first window time span; i.e., choose t = T/2 if T is an even integer or t =
(T+1)/2 if T is an odd integer. The Australian Bureau of Statistics (2016; 12) called this the half
splice method for linking the results of the two windows. Ivancic, Diewert and Fox (2011; 33)
and Diewert and Fox (2017; 18) argued that each choice of a linking period t running fromt = 2
tot = T is an equally valid choice of a period to link the two sets of price levels. Thus they
suggested the mean splice, defined as the geometric mean of all of the possible estimates for mr+1
using each of the T-1 possible link periods. The first 3 methods of linking one window to the
next window are easy to explain to the public but the mean splice seems to be the least “risky”
and follows standard statistical practice; i.e., if one has many estimators for the same thing that
are equally plausible, then taking an average of these estimators is recommended. It can be seen
that this model of taste change is again slightly inconsistent; the models are internally consistent
within each window of observations but when we move from one window to another, this internal
consistency is lost.

The third method for dealing with taste change is to simply estimate a separate hedonic regression
for each time period. This method is called the hedonic imputation method. In order to explain
this method and its connection to the adjacent period time dummy model, it is necessary to
develop the algebra for both methods for the case of two time periods.

We first develop the algebra for the adjacent period time dummy hedonic regression model.
Recall the model defined in the previous section by solving the weighted least squares
minimization problem defined by (84). Consider the special case of this model with only two
periods so that T = 2. We reparameterize this problem defined by (84) for the case T = 2 and
consider the following equivalent problem:

(109) min 6,y Zt=12 Znes( Sn[INPtn — Bt — =1 yiznk]?

where 6 = [01,02] and y = [y1,...,yx]. Comparing (109) with (84) for T = 2, it can be seen that 6, =
p1 + Yo = yo (since we set p1 = 0 when using the model defined by (84)) and 6, = p, + yo. Thus the
two problems are completely equivalent once we impose the normalization p; = 0 on (84) for the
case where T = 2. The first order conditions which determine a unique solution to (109)” are the
following 2 + K equations:

(110) Znes( Sm[Inpm — 01" — k=X y"zk] = 0 ; t=12;
(111) Zt=1® Znes Sn[INpn — 6t — Zi=t® 1 Zk]zk =05 k=1,..,K

Denote the solution to (110) and (111) by 6" = [06:7,6,"] and y" = [y1",...,yx]. Estimates for the
parameters yo and p> which were used in our initial parameterization of the model defined by (84)
for the case where T = 2 can be recovered from the solution to (110) and (111) as follows:"®

5 As usual, the coefficient matrix for the unknown parameters in equations (110) and (111) must be of full
rank (which is K + 2), in order to obtain a unique solution. This means that the number of observations
must be equal to or greater than K + 2.

76 The new y«" are equal to the old y¢" for k = 1,...,K.
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(112) yo" =617 p1"=0; p2" = 02" — 61"

The estimated quality adjustment parameters, Bn" and an’, for the model defined by (84) can be
recovered from the estimated 0;" and k" by using the equations Bn" = 01"+ Zk=1 y'Znk ; an” =
exp[Bn] forn=1,...,N.

However, for the remainder of this section, it will prove to be more convenient to define new
quality adjustment parameters, B, and o,™, as follows:

(113) Bn™ = Zk=t“ 1 Znk ; an - = exp[Bn ] ; n=1,.,N.

Equations (110), definitions (113) and the equations Znesi Sm = 1 for each t imply that the
estimated 0" and 0" satisfy the following equations:

(114) 0 = Zhes() Sm[INPn — DI Yk*an] t=12:
= 2nes() Stnln(ptn/(ln**).

Using equations (112) and (113), we obtain the following expressions for p,” which is the
logarithm of the price index m,"/ni" generated by the time dummy adjacent period hedonic
regression model:’’

(115) ; p2"=62" - 01
= Yhes) SZnIn(DZn/O(n**) — Znes() Slnln(pln/an**)
= Tnes@) San[INP2n — Zk=1® Y6 Znk] = Znes@ Stn[INP1n — Si=1® 11 Zo].

This completes the algebra for the reparameterization of the time dummy adjacent period hedonic
regression model. In what follows, we will develop the algebra for entirely separate hedonic
regression models for each period. In the above model, the hedonic surfaces for the two periods,
01" + Zu=1 Y zok and 02 + w1 1znk, differed only in their constant terms. In the following
model, the hedonic surfaces can shift in a non-parallel fashion.

Consider the following two weighted least squares minimization problems:

(116) min o,y Enesq) St[INp1n — 61 — =1 yi'zn]? ;
(117) min o,y Enes) Sz[INp2n — 62 — Zi=1® yi?zni]?

where the unknown parameters in (116) are 0, y* = [y:%,...,yx'] and the unknown parameters in
(117) are 02, v = [y42,...,y«?]. In the previous model defined by (109), there was only one vector of
v parameters to model prices in both periods while the new models defined by (116) and (117)
have separate quality adjustment parameter vectors, y* and v2.

The first order conditions for (116) are equations (118) and (119), while the first order conditions
for (117) are equations (120) and (121) below:

7 If the model defined by (109) held exactly so that all error terms were equal to 0, then Inp1n = 01"+ Inai™
for neS(1) and Inpzn = 0;" + Ina,™ for neS(2). Thus pin/an™ = exp[0:17] for each neS(1) and panfon™ =
exp[0,"] for each neS(2). Thus each quality adjusted period t price, pw/an™ for neS(t), is an estimator for
exp[6:] and thus a weighted geometric mean of these quality adjusted prices (where the weights sum to 1)
is also an estimator for exp[0;].
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(118) Znesq) Sun[INpin — 0 — Skt 1 "z] = 0 ;
(119) Znes) San[Inpan — 0 — Tt v z]zk = 0 k=1,.K;
(120) Zhes) Sen[lnpzn — 0% — Tt &z =05
(121) Zhes) San[INp2n — 02" — Skt 1"zl zok = 0 ; k=1,.,K

Let 0%, y4¥",..., y«*" solve (118) and (119) and let 62%, y:%",..., y«*" solve (120) and (121). There are
now two sets of quality adjustment factors: ou'",..., an®” for period 1 and a.1?",..., an?" for period 2.
The logarithms of these parameters are defined as follows:

(122) Inan®” = Zk=r v zok ; INon?”™ = Tt 11 Zok n=1,..,N.

Using (118), (120) and definitions (122), we obtain the following expressions for 6" and 6% as
quality adjusted log prices for periods 1 and 2:

(123) 0% = Znes) Stln(prn/an®”) = Enesq) St[INP1n — Zi=t® 1 zni]
(124) 67" = Znes) Sanln(Pan/ain®) = Znes) San[INP2n — Zi=1k 1 Zou] -

The average measure of log price change going from period 1 to 2 using the adjacent period time
dummy hedonic model was p," = 0," — 0,"; see (115) above. Note that the same quality
adjustment factors, the a,", were used to quality adjust prices in both periods. At first glance, we
might think that an analogous measure of average constant quality log price in our new model
could be defined as 62° — 0'". However, looking at (123) and (124), we see that the quality
adjustment factors are not held constant in constructing this measure. The underlying exact
models are now pin = exp[0]an!” for neS(1) and pan = exp[0?Jan” for neS(2). Thus the period
1 quality adjusted prices, pi/on'”, are not comparable to their period 2 counterparts, pan/on?”,
unless o™ = an?”. Hence m,"/m1” is not a useful price index that compares like with like.

At this point, the analysis could go in at least 3 different directions:

e Use the two hedonic regressions to fill in the missing prices; i.e., if neS(1) but
neS(2), define pan = exp[02]an®” and gon = 0. If NeS(2) but ngS(1), define pin =
exp[0¥]ant” and gin = 0. Using these estimated prices, we would have complete
overlapping price and quantity data for the two periods. Now use the actual data
along with the imputed data to calculate a favourite price index and define the
companion quantity index residually by deflating the value ratio by the price index.
The problem with this strategy is that the quantity index that emerges using this
strategy cannot be given a welfare interpretation because preferences are allowed to
change over the two periods.

e A product or model with characteristics vector z* = [z1",...,z«"] should have a log
price which is approximately equal to 6" + Zi=1 v!z" = Inp*” in period 1 and a log
price which is approximately equal to 6% + Zi=1* v**z¢" = Inp®” in period 2. Choose
Z" to be a characteristics vector that is representative for the set of products that exist
in periods 1 and 2. Then the exponential of In(p?/p'") = 6% — 0¥ + %=t (1 -
1)z can serve as a measure of average logarithmic inflation over the period. The
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problem with this method is that there are many possible choices for the reference
vector z*.’8

e Use each set of quality adjustment factors to generate two consistent measures of
inflation over the two periods and then take the average of the two measures.

In what follows, we will work out the algebra for the third alternative.” Let 8'" be the share
weighted average of the quality adjusted log prices for period 1, pi/on?", using the period 2
quality adjustment factors a** defined in definitions (122) and let 82" be the share weighted
average of the quality adjusted log prices for period 2, pa/anl’, using the period 1 quality
adjustment factors o defined in definitions (122):

(125) 8" = Znesq) Swln(pinfan?) ; 8% = Znes) Sanln(pan/on'™) .

It can be seen that 62" — 3" is a constant quality measure of overall log price change which uses
the quality adjustment factors o,?” for period 2 to deflate prices in both periods. Similarly, 8 —
0" is a constant quality measure of overall log price change which uses the quality adjustment
factors an” for period 1 to deflate prices in both periods. It is natural to take the arithmetic mean
of these two measures of constant quality log price change in order to obtain the following
counterpart, p,”, to the adjacent period time dummy measure of constant quality log price
change, p2" defined by (115) above.

(126) ps™* = Y[6% — 5] + 14[6% — O]
= Yo[Enes) SanlN(P2n/0n®) — Znesw) Stln(pn/on?”)]
+ V5[ Znese) SanlN(Pan/ant™) — Znesq) SualN(Pin/ont™)] using (123)-(125)
= Thes) San[INpan — Y2(Inan™ + Ina?)]
— Znes@ Sw[INp1n — Y2(Inaw™ + Inot?)]
= Znes@) S2n[INp2n — Bt (Vo™ + Yay) zok]
— Znes Stn[INP1n —Zi=t (Yoyi™ + Yoni)znd using definitions (122).

Using (115), p2" can be expressed as follows:
(127) p2" = Znes) Szn[INp2n — Zk=1k ¥ Znk] — Enesq) S1[INP1n —Zk=1™ v Zo].

The time dummy hedonic regression model defined by the minimization problem (109) uses the
hedonic coefficients, y«" for k = 1,..,K to form the quality adjustment factors a," for n = 1,...,N.
The single period hedonic regressions are defined by the minimization problems defined by (116)
and (117), which in turn generate the two sets of hedonic coefficients, the " and the " for k =
1,..,.K. But in the end, these two sets of hedonic coefficients are averaged when the overall
measure of log price change defined by p,™ is calculated. Thus the only difference between p,”
defined by (115) or (127) and p.™ defined by (126) is that the average hedonic coefficients %2y
+ Yy ®" are used in (126) while p,” uses the single set of coefficients y«". Thus (127) lets the single
regression do the job of constructing a set of hedonic coefficients that covers both periods while
(126) averages the results of the two single period regressions.

8 Note that if y** happens to equal y?", then In(p?*/p*") = 62" — 6" and 62* — 0" turns out to equal p;”
defined by (115).

8 The analysis which follows is due to Silver and Heravi (2007), Diewert, Heravi and Silver (2009) and de
Haan (2009). For additional materials on hedonic imputation methods, see Aizcorbe (2014).
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Which approach is “better”? The hedonic imputation approach requires the estimation of 2 + 2K
parameters, while the adjacent period time dummy hedonic approach requires only 2 + K
parameters. Thus if the number of price observations in the two periods is plentiful, then the
hedonic imputation approach will fit the data better and thus, in general, will be the preferred
approach. However, if the number of observations is small and K is relatively large, then the
adjacent period time dummy approach may be less vulnerable to multicollinearity and outlier
problems and hence may be the preferred approach.® In particular, if the number of observations
for the two periods is less than 2 + 2K, then the hedonic imputation approach cannot be used. On
the other hand, if the fit is very good in the two weighted least squares minimization problems
defined by (115) and (116) (and there are ample degrees of freedom) and not good in the single
weighted least squares minimization problem defined by (109), then it is preferable to estimate
price change between the two periods using the hedonic imputation estimates for logarithmic
price change defined by (126), since this difference in fit for the two models is evidence of taste
change and thus it will be safer to use (126) over (127) to measure price change.

A problem with all of the hedonic regression models that we have considered thus far is that the
underlying economic model is quite restrictive; i.e., the underlying exact model is pwn = mon
which implies that purchasers of the products have linear preferences over the N products under
consideration.®! Linear preferences mean that the quality adjusted products are perfect substitutes
for each other. In the following two sections, we will consider economic models which relax this
assumption of perfect substitutes.

9. Estimating Reservation Prices: The Case of CES Preferences

In this section, we will explain Feenstra’s (1994) Constant Elasticity of Substitution (CES)
methodology that he proposed to measure the benefits and costs to consumers due to the
appearance of new products and the disappearance of existing products.®

The Feenstra methodology starts out by making the same assumptions as were made in section 2;
i.e., it is assumed that purchasers of a group of N products collectively maximize the linearly
homogeneous, concave and nondecreasing aggregator or utility function f(q) subject to a budget
constraint. Given that purchasers face the positive vector of prices p = (ps,...,pn), the unit cost
function c(p) that is dual to the utility function f is defined as the minimum cost of attaining the
utility level that is equal to one:

(128) c(p) = min ¢{f(q) > 1; g > On}.

80 “In practice, while one may want to use the most recent cross section to derive the relevant price weights,
such estimates may fluctuate too much for comfort as the result of multicollinearity and sampling
fluctuations. They should be smoothed in some way, either by choosing wi = (1/2)[wi(t) + w;(t+1)], or by
using adjacent year regressions in estimating these weights.” Zvi Griliches (1971; 7). Thus Griliches
suggested the time dummy approach if the separate hedonic regressions led to substantial fluctuation in the
parameter estimates.

81 This criticism of hedonic regression models is similar to that of Hausman (2003; 32): “In the presence of
the introduction of new goods and quality improvement of existing goods, both prices and quantities (or
alternatively, prices and expenditures) must be used to calculate a correct cost of living index. Using only
prices and ignoring information in quantity data will never allow for a correct estimate of a cost of living
index in the presence of new goods and improvements in existing goods.” However, if the fit of a hedonic
regression model is good, then the hedonic regression model is justified and there is no need to move to a
more complicated consumer demand framework.

82 The exposition in this section follows that of Diewert and Feenstra (2017).
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If the unit cost function c(p) is known, then using duality theory, it is possible to recover the
underlying utility function f(q).2® Feenstra assumed that the unit cost function has the following
CES functional form:

(129) C(p) = 0o [anlN Otnpnl_c]l/(l_c) if o= 1;

= 0o [Toet™ p&r ifo=1

where the o and o are nonnegative parameters with Xi-:" o = 1. The unit cost function defined
by (129) is a Constant Elasticity of Substitution (CES) utility function which was introduced into
the economics literature by Arrow, Chenery, Minhas and Solow (1961)%.

The parameter o is the elasticity of substitution;® when o = 0, the unit cost function defined by
(129) becomes linear in prices and hence corresponds to a fixed coefficients aggregator function
which exhibits 0 substitutability between all commodities. When o = 1, the corresponding
aggregator or utility function is a Cobb-Douglas function. When o approaches +oo, the
corresponding aggregator function f approaches a linear aggregator function which exhibits
infinite substitutability between each pair of inputs. The CES unit cost function defined by (129)
is of course not a fully flexible functional form (unless the number of commaodities being
aggregated is N = 2) but it is considerably more flexible than the zero substitutability aggregator
function (this is the special case of (129) where o is set equal to zero) or the linear aggregator
function (which corresponds to ¢ = +o0).

In order to simplify the notation, we set r = 1 — o. Under the assumption of cost minimizing
behavior on the part of purchasers of the N products for periods t = 1,...,T, Shephard’s (1953; 11)
Lemma tells us that the observed period t consumption of commodity i, g, will be equal to
u'oc(pt)/opi where oc(p")/opi is the first order partial derivative of the unit cost function with
respect to the ith commodity price evaluated at the period t prices and u'= f(q') is the aggregate
(unobservable) level of period t utility. As usual, denote the share of product i in total sales of the
N products during period t as st = pga/p"q* for i = 1,..,N and t = 1,...,T where p.q' = Zn=1" punQn.
We initially assume that there are no missing products. Note that the assumption of cost
minimizing behavior during each period implies that the following equations will hold:

(130) pq"' = u'c(p") ; t=1,..T

where c is the CES unit cost function defined by (129).

8 |t can be shown that for g >> O, f(q) = 1/max , {c(p): Zn=1" pngn < 1 ; p = On}; see Chapter 5 or Diewert
(1974; 110-112) on the duality between linearly homogeneous aggregator functions f(q) and unit cost
functions c(p).

8 In the mathematics literature, this aggregator function or utility function is known as a mean of order r =
1 - o; see Hardy, Littlewood and Pdlya (1934; 12-13). For more on estimating CES utility functions, see
Chapter 5.

8 et c(p) be an arbitrary unit cost function that is twice continuously differentiable. The Allen (1938; 504)
Uzawa (1962) elasticity of substitution on(p) between products n and k is defined as c(p)cnk(p)/cn(p)ck(p)
for n = k where the first and second order partial derivatives of c(p) are defined as cn(p) = dc(p)/opn and
cnk(p) = 6%c(p)/Opndpk. For the CES unit cost function defined by (129), on(p) = o for all pairs of products;
i.e., the elasticity of substitution between all pairs of products is a constant for the CES unit cost function.
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Using the CES functional form defined by (129) and assuming that ¢ = 1 (or r = 0),% the
following equations are obtained using Shephard’s Lemma:

(131) ga = U'ato [Xn=2" otn (Pm) T4 e (pu) ™ i=1,...,N;t=1,..,T
= u'e(pY) o () Zn=1" otn (P) "

Premultiply equation i for period t in (131) by pa/ptg'. Using (129) and (131), the resulting
equations can be rewritten as follows:

(132) Sti = Qi (pti)r/Zn:jLN Oln (ptn)r ; 1= 1,.. ,N, t= 1,...,T.

The NT share equations defined by (132) can be used as estimating equations using a nonlinear
regression approach. Note that the positive scale parameter oo cannot be identified using
equations (132), which of course is normal: utility can only be estimated up to an arbitrary scaling
factor. Henceforth, we will assume oo = 1. The share equations (132) are homogeneous of degree
one in the parameters au,...,an and thus the identifying restriction on these parameters, Yi-s™ oi =
1, can be replaced with an equivalent restriction such as an = 1.

The sequence of period t CES price indexes (relative to the level of prices for period 1), Pces!, can
be defined as the following ratios of unit costs in period t relative to period 1:

(133) PCESt = [Zn:lN Oln (ptn) r](l/r)/ [anlN COln (pln) r](l/r) ; t= 1,---,T-

Suppose further that the observed price and quantity data vectors, p' and g for t = 1,...,T, satisfy
equations (130) where c(p) is defined by (129) and the quantity data vectors ' satisfy the
Shephard’s Lemma equations (131). This means that the observed price and quantity data are
consistent with cost minimizing behavior on the part of purchasers where all purchasers have
CES preferences that are dual to the CES unit cost function defined by (129). Then Sato (1976)
and Vartia (1976) showed that the sequence of CES price indexes defined by (133) could be
numerically calculated just using the observed price and quantity data; i.e., it is not necessary to
estimate the unknown o, and o (or r) parameters in equations (132).8” The logarithm of the period
t fixed base Sato-Vartia Index Ps\!' is defined by the following equation:

(134) InPSVt = Zn:]_N Wnt In(ptn/pln) , t = 1,...,T.

The weights w,' that appear in equations (134) are calculated in two stages. The first stage set of
weights is defined as Wy = (St — S1n)/(INStn — Ins1n) forn=1,...,Nand t = 1,...,T provided that s #
Sin. If St = S1n, then define wi'™ = sy = s1n. The second stage weights are defined as wi! = wn'/Zi-N
wi forn=1,.,Nandt=1,.,T. Note that in order for InPs! to be well defined, we require that
Sm>0,50n>0,pn>0and pin>0foralln=1,..Nand t=1,..,T; i.e., all prices and quantities
must be positive for all products and for all periods.

With this background information in hand, we can explain Feenstra’s (1994) model where “new”
commodities can appear and “old” commodities can disappear from period to period.

8 When o = 1, we have the case of Cobb-Douglas preferences. In the remainder of this section, we will
assume that o > 1 (or equivalently, that r < 0). This assumption means that the products under consideration
are either highly substitutable (o is considerably greater than one) or moderately substitutable (o is greater
than one but fairly close to one).

87 See Chapter 5 for a proof of this result.
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Feenstra (1994) assumed CES preferences with o > 1 (or equivalently, r < 0). He applied the
reservation price methodology first introduced by Hicks (1940); i.e., as mentioned earlier, Hicks
assumed that the consumer had preferences over all goods, but for the goods which had not yet
appeared, there was a reservation price that would be just high enough that consumers would not
want to purchase the good in the period under consideration.® This assumption works rather well
with CES preferences, because we do not have to estimate these reservation prices; they will all
be equal to +co when ¢ > 1.

Feenstra allowed for new products to appear and for existing products to disappear from period to
period.® Feenstra assumed that the set of commodities that are available in period t is S(t) for t =
1,...,T. The (imputed) prices for the unavailable commodities in each period are set equal to +o
and thus if r < 0, an infinite price pm raised to a negative power generates a O; i.e., if product n is
unavailable in period t, then (pw)" = (o0)" = (1/0) " = 0 if r is negative.

The CES period t true price level under these conditions when r < 0 turns out to be the following
CES unit cost function that is defined over only products that are available during period t:

(135) c(p') = [Zn=1" otn (Pn) T = [Enesty on (Pn) ] .

Using equations (131) for this new model with some missing products and multiplying the period
t demand qq if product i is present in period t by the corresponding price ps leads to the following
equations which describe the purchasers’ nonzero expenditures on product i in period t:

(136) pidti = U' [Xnes on (Pm) T 0ii (s)" ; t=1...T;ies()
= u'c(p') o (pri)7Xnesc) on (Pm)"

In each period t, the sum of observed expenditures, Zqesw Pwnlm, €quals the period t utility level,
u', times the CES unit cost c(p') defined by (135):

(137) Znes P i = U'c(p) = UZics o (Pa) 1" ; t=1,.,T.

Recall that the ith sales share of product i in period t was defined as Si = piQi/Znes@ Pmnlm for t =
1,...,T and ieS(t). Using these share definitions and equations (137), we can rewrite equations
(136) in the following form:

(138) sii = ai (pii) /Xnes) on (Pm)"; t=1,.,T;ieS(t)
= ai (pa)'/e(p)’

where the second set of equations follows using definitions (135).

Now we can work out Feenstra’s (1994) model for measuring the benefits and costs of new and
disappearing commodities. Start out with the period t CES exact price level defined by (135) and

8 The same logic is applied to disappearing products.

8 In many cases, a “new” product is not a genuinely new product; it is just a product that was not in stock
in the previous period. Similarly, in many cases, a disappearing product is not necessarily a truly
disappearing product; it is simple a product that was not in stock for the period under consideration. Many
retail chains rotate products, temporarily discontinuing some products in favour of competing products in
order to take advantage of manufacturer discounted prices for selected products.
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define the CES fixed base price index for period t, Pces!, as the ratio of the period t CES price
level to the corresponding period 1 price level:*®°
(139) Pees' = c(p)/c(p?) ; t=23,...,T

= [Ziesw o (Pa) 1Y/ [Ziesw o (pai) 1"
=[ Index 1]x[Index 2]x[Index 3]

where the three indexes in equations (139) are defined as follows:*

(140) Index 1 = [Zics@ns o (P) T/ [Zieswnso i (p1i) 1" ; t=23,..T,
(141) Index 2 = [Ziesq o (Pu) 1"/ [Zieswns i (P) T ; t=23,..T
(142) Index 3 = [Ziesaynsw o (P1) 1Y/ [Ziesqy o (pai) T ; t=23,..T.

Note that Index 1 defines a CES price index over the set of commodities that are available in both
periods t and 1. Denote the CES cost function c¢' that has the same o, parameters as before but is
now defined over only products that are available in periods 1 and t:

(143) ¢ (p) = [Ziesensw i (P)TY; t=12,.T.

The period t expenditure share equations defined by equations (138) using the unit cost functions
defined by (143) are the following ones:

(144) st = PtiGti/ Znes(t) ~s(1) Pnln t=1,.,T;ieS(1)NS(t)
= i (Pei) T 2nes@) sy on (Pm)
= ot (pa)'/c” (pY)’

where the third equality follows using definitions (143).

Note that Index 1 is equal to c%(p")/c”(p!) and the Sato-Vartia formula (134) (restricted to
commodities n that are present in periods 1 and t) can be used to calculate this index using the
observed price and quantity data for the products that are available in both periods 1 and t.

We turn now to the evaluation of Indexes 2 and 3. It turns out that we will need an estimate for
the elasticity of substitution o (or equivalently of r = 1-c) in order to find empirical expressions
for these indexes.®? It is convenient to define the following observable expenditure or sales
ratios:

(145) A'= Ynes Pindin/Znes@nst Pl ; t=23,.T,
(146) p' = Xnes@ns(t) Pindin/Znes) PinGin ; t=2,3,...T.

We assume that there is at least one product that is present in periods 1 and t for each t > 2. Let
product i be any one of these common products for a given t > 2. Then the share equations (138)

% In the algebra which follows, the prices and quantities of period 1 can be replaced with the prices and
quantities of any period. Feenstra (1994) developed his algebra for c(p?)/c(p'2).

% The Indexes 1-3 depend on period t but we suppressed the index t from the left hand side of definitions
(140)-(142).

92 See Chapter 5 or Diewert and Feenstra (2017) for a variety of methods for estimating the elasticity of
substitution.
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and (144) hold for this product. These share equations can be rearranged to give us the following
two sets of equations:

(147) ai(pa)" = [Znesq) otn (Pm) TP/ [Znesw Pndn] ; t=23,...T;
(148) ai(phi)" = [Znes@ns@ on (Pm)TPiqi/ [Znes@ns@ Pnlm] ; t=23,..,T.

For each t > 2, equating (147) to (148) for the common product i leads to the following equations:

(149) Xnes on (Pn) T 2nes@ns@ on (Pn)" = 2nes) P/ Znes@ns Pl ; t=23,...T,
=)\t

where the second set of equalities follows using definitions (145). Now take the 1/r root of both
sides of (149) and use definitions (141) in order to obtain the following equalities:

(150) Index 2 = [AMY" = [Xicse Pri Q/2ics@ynsw Pada]™" ;% t=23,..T.

Again assume that product i is available in periods 1 and t > 2. Rearrange the share equations
(138) and (144) for t = 1 and product i and we obtain the following two equations:

(151) ai(p1i)" = [Xnes) on (P1n)7] P1iQui/[Xnes) P1nQn] ; t=23,..T;
(152) ai(p1i)" = [Znes@)ns on (P1n)] P1igi/ [Xnes@y~sw Pindin] ; t=23,...,T.

Equating (151) to (152) leads to the following equations:

(153) Xnes@yns) on (P1n)72nesw) on (P1n)" = Znes@nst) P10/ 2nes@) Pindin ; t=23,...T,;

where the last set of equalities follows using definitions (146). Now take the 1/r root of both sides
of (153) and use definitions (143) in order to obtain the following equalities:®*

(154) Index 3 = [uY" = [Znes@)ns PinGin/Znesa) Pindin]Y" ; t=23,...,T.

Thus if r is known or has been estimated, then Index 2 and Index 3 can readily be calculated as
simple ratios of sums of observable expenditures raised to the power 1/r. Note that [Xiesq

9 If new products become available in period t that were not available in period 1, then A!> 1. Recall that r
=1-candr<0. Index 2 evaluated at period t prices equals (A)¥" = (A)¥2-) and thus is an increasing
function of ¢ for 1 < o < +o0. With At > 1, the limit of (A\)Y2-°) as & approaches 1 from above is 0 and the
limit of (A\)Y@-9) as & approaches +oo is 1. Thus the gains in utility from increased product variety are huge
if o is slightly greater than 1 and diminish to tiny gains as ¢ becomes very large. Suppose that A' =1.05 and
=101 1.1,15,2, 3,5, 10 and 100. Then Index 2 will equal 0.0076, 0.614, 0.907, 0.952, 0.976, 0.988,
0.995 and 0.9995 respectively. Thus the gains from increased product variety are very sensitive to the
estimate for the elasticity of substitution. The gains are gigantic if o is close to 1.

% If some products that were available in period 1 become unavailable in period t, then p'< 1. Index 3
evaluated at period 1 prices equals (u)*" = (u9)¥A-°) and is a decreasing function of o for 1 < ¢ < +o0. With
pt < 1, the limit of (u)¥-°) as ¢ approaches 1 is +oo and the limit of (u)Y*° as ¢ approaches +co is 1.
Thus the losses in utility from decreased product variety are huge if o is slightly greater than 1 and
diminish to tiny gains as o becomes very large. Suppose that p' =0.95 and o takes on the same values as in
the previous footnote. Then Index 3 will equal 168.9, 1.670, 1.108, 1.053, 1.026, 1.013, 1.0057 and
1.00052 respectively. Thus the losses are gigantic if ¢ is close to 1 and negligible if o is very large.
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Piili/2ies)~s@ Pidi] = 1. If period t has products that were not available in period 1, then the
strict inequality will hold and since 1/r < 0, it can be seen that Index 2 will be less than unity.
Thus Index 2 is a measure of how much the true cost of living index is reduced in period t due to
the introduction of products that were not available in period 1. Similarly, [Xieswnsq P10l 2iesq)
p1dii] < 1. If period 1 has products that are not available in period t, then the strict inequality will
hold and since 1/r < 0, it can be seen that Index 3 will be greater than unity, Thus Index 3 is a
measure of how much the true cost of living index has increased in period t due to the
disappearance of products that were available in period 1 but are not available in period t.

Turning briefly to the problems associated with estimating r (and the o) when not all products
are available in all periods, it can be seen that the initial estimating share equations (132) need to
be replaced by the estimating equations (138). However, there are many methods that have been
suggested in the literature to estimate r (or the elasticity of substitution o) when there are missing
products; see for example Diewert and Feenstra (2017) or the extensive discussion of estimation
issues in Chapter 5.

The Feenstra methodology is easy to implement once an estimate for ¢ is available and so it has
been widely used in the macroeconomic literature. However, if the elasticity of substitution is low
and new products outnumber disappearing products, then this methodology will lead to quality
adjusted price indexes which will decrease by amounts that are not plausible and this point should
be kept in mind.*® The Feenstra methodology will tend to be biased for elasticities of substitution
which are close to one and should not be used in this case.®® Thus in the next section, we will
study a model which is similar to Feenstra’s model but the reservation prices generated by the
model are finite and a flexible functional form for f(q) is used in place of the CES functional
form.

10. Estimating Reservation Prices: The Case of KBF Preferences

The functional form for the aggregator function f(q) that we will use in this section is the KBF
function form, fker(q) = [0-Aq]Y? defined by (17) in section 4.%” The system of inverse demand
functions for this functional form for our data set with no missing observations is given by the
following system of equations:

(155) p' = P! V4frer(q') = PY[q-Aq] Y2 Aq'; t=1,..T

where the N by N matrix A = [an] is symmetric (so that AT = A) and thus has N(N+1)/2 unknown
ank elements. As in section 4, we also assume that A has one positive eigenvalue with a
corresponding strictly positive eigenvector and the remaining N-1 eigenvalues are negative or
zero. These conditions will ensure that the aggregator function has indifference surfaces with the
correct curvature.

% Also keep in mind that the Feenstra methodology does not work at all if the elasticity of substitution is
equal to or less than one.

% Another feature of the Feenstra methodology is that the reservation prices are infinite. Typically, it does
not take an infinitely high price to deter consumers from buying the product under consideration.

9 The analysis in this section follows that of Diewert and Feenstra (2017). The same theoretical framework
was suggested by Diewert (1980; 498-503) but a different flexible functional form was used to illustrate the
methodology. The Diewert and Feenstra functional form is a better choice since the correct curvature
conditions can be imposed on the KBF functional form without destroying its flexibility.
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The period t aggregate price level is P' and the corresponding aggregate quantity level is Q' =
[o“AgY? for t = 1,...,T. Multiply the right hand side of equation t in (155) by 1 = QY[q"Aq‘]"? for
t=1,..., T and we obtain the following system of estimating equations:

(156) p' = P'\Q'AgY/q" Ad' = V'AqY/q-Aq' ; t=1,.T

where we have used equations (9), P'Q' = pt.q' = v! for t = 1,...,T, to derive the second set of
equations in (156). Now convert equations (156) into a set of share equations by taking
component n in the vector p', pw, and multiplying both sides of this equation by g and dividing
by v' = pt.q". We obtain the following system of estimating equations:

(157) St = Zm=1" gmanmQm/Zn=1" Zm=1" GtmaAnmm ; t=1,..,T;,n=1,.,N.

When estimating systems of consumer demand equations, it is common to use share equations
such as equations (157) as the estimating equations. However, in our particular situation, it may
be preferable to use the system of inverse demand functions defined by equations (156) as
estimating equations as we shall see below.%

Now introduce missing products into the model. Let S(t) be the set of products n that are present
in period t for t = 1,...,T. If product n is missing in period t, define gn = 0 and s, = 0. Define '
and s' as the period t vectors of quantities and shares where qw = 0 and sy = 0 if product n is
missing in period t. It can be seen that equations (156) and (157) are still valid when there are
missing products, except that instead of t=1,...,T; n=1,...,N, we have t = 1,...,T and neS(t). Thus
we use equation t,n in (157) as an estimating equation only if the corresponding product n is
present in period t.

The N(N+1)/2 unknown parameters anm in the symmetric A = [a.m] matrix can be determined by
solving the following nonlinear least squares minimization problem:*

(158) min a thlT Znes(t) [Stn - {Zmle qmaantm/Zile ijlN Qtiaijqq}]z-

Note that the minimization problem defined by (158) is run as a single nonlinear regression rather
than as a system of N share equations, which is the more traditional approach when estimating
systems of consumer demand functions. The unusual specification is due to the fact that there are
missing products in the T time periods and so the traditional systems approach cannot be applied.
A second point to note is that not all of the parameters a.m can be identified: if a.m solves (158),
then so does Aanm for 1 < n <m < N for all A # 0. Thus a normalization on the matrix of
parameters is required for a unique solution to (158). A final point to note is that the error terms
in (158) are not weighted by their economic importance. There is no need to do this because the
dependent variables in (158), the shares, are already weighted by their economic importance and
so there is no need for further weighting. Put another way, each share is equally important (and is

% When there are missing prices, estimating systems of inverse demand functions with prices as the
dependent variables is econometrically convenient. The advantages and disadvantages of alternative
methods for estimating consumer preferences is discussed at some length in section 10 of Chapter 5.

% Alternative estimating equations are considered in Diewert and Feenstra (2017), which has a worked
example. Diewert and Feenstra found that it was preferable to use the system of estimating equations (156)
rather than (157) since the goal of the regressions was to find the best fitting system of inverse demand
functions rather than to find the best fitting system of share equations. More research on the econometrics
associated with estimating reservation prices is necessary.
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measured in comparable units) and hence it makes sense to fit the observed shares by model
predicted shares using a least squares approach.

Once the parameters a,m~ have been determined, we can use the price equations defined by (156)
above to determine the Hicksian reservation prices pw- for the missing products for t = 1,...,T and
n does not belong to S(t):

(159) pn” = VEm=1" anm Gun/Zi=1" 2= qeidij Gy} ; t=1,..T, neS(t).

Note that the reservation prices defined by (159) will be finite. Using the observed prices and
quantities for each period t along with the imputed prices piw , complete price and quantity vectors
for each period can be formed. These complete price and quantity vectors can be used to form
price and quantity levels for each period using a preferred index number formula. Alternatively,
the estimated parameters anm” can be used to form the matrix of parameters, A" = [anm’]. Use the
estimated A" matrix to form the period t quantity levels, Q" = [q-A*q*? for t = 1,...,T and the
corresponding period t price levels, P* = v/Q" fort=1,...,T.

There are two problems with the above methodology that need to be addressed: (i) how can we be
sure that the estimated A matrix satisfies the eigenvalue restrictions listed above and (ii) how can
we estimate the parameters of the A matrix when N is large?

The number of unknown parameters in the A matrix is N(N+1)/2 if there are N products in the
window of observations. If N = 10, N(N+1)/2 = 55; if N = 100, N(N+1)/2 = 5050. Thus it will be
impossible to estimate all of the parameters in the A matrix if N is large.

The above two difficulties with this methodology can be addressed if we make use of the
following reparameterization of the A matrix. Thus we set A equal to the following expression:1%

(160) A=bb" + B; b >> 0y ; B =BT ; B is negative semidefinite; Bq” = On.

The vector b™ = [by,...,bn] is a row vector of positive constants and so bbT is a rank one positive
semidefinite N by N matrix. The symmetric matrix B has N(N+1)/2 independent elements by but
the N constraints Bq™ = Oy reduce this number by N. Thus there are N independent parameters in
the b vector and N(N-1)/2 independent parameters in the B matrix so that bb™ + B has the same
number of independent parameters as the A matrix.

The reparameterization of A by bb™ + B is useful in the present context because this
reparameterization can be used to estimate the unknown parameters in stages. Thus initially set B
= Onxn, a matrix of 0’s. The resulting aggregator function becomes f(q) = (q"bb™q)*? = (b"gb"q)Y2
= bTq, a linear utility function. Thus this special case of (160) boils down to the linear utility
function model that has been used repeatedly in this paper.

The matrix B is required to be negative semidefinite. The procedure used by Wiley, Schmidt and
Bramble (1973) and Diewert and Wales (1987) can be used to impose negative semidefiniteness
on B by setting B equal to —CCT where C is a lower triangular matrix.'°* Write C as [c*,c?,...,cN]

100 Notation: b is regarded as a column vector and b is its transpose, which is a row vector.

101 C = [cn] is a lower triangular matrix if cn = 0 for k > n; i.e., there are 0’s in the upper triangle. Wiley,
Schmidt and Bramble showed that setting B = — CCT where C was lower triangular was sufficient to
impose negative semidefiniteness while Diewert and Wales showed that any negative semidefinite matrix
could be represented in this fashion.
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where cX is a column vector for k = 1,...,K. If C is lower triangular, then the first k—1 elements of
care equal to 0 for k = 2,3,...,N. The following representation for B will hold:

(161) B = CCT

- _ Zn:lN CnCnT

where the following restrictions on the vectors c" are imposed in order to impose the restrictions
Bg" = O on B:1%?

(162) c"q"=0; n=1,...,N.

As mentioned above, if N is not small, then usually, it will not be possible to estimate all of the
parameters in the C matrix. Furthermore, frequently nonlinear estimation is not successful if one
attempts to estimate all of the parameters at once. Thus it is necessary to estimate the parameters
in the utility function f(q) = (qTAq)Y2 in stages. In the first stage, estimate the linear utility
function f(q) = b'q.1® In the second stage, estimate f(q) = (q'[bb" — c'c']q)Y? where ¢'T =
[cit,c2h,....ent] and ¢tTg” = 0. For starting coefficient values in the second nonlinear regression, use
the final estimates for b from the first nonlinear regression and set the starting ¢! = On.1% In the
third stage, estimate f(q) = (q"[bb" — ¢'c*™ — ¢2c?"]q)¥? where ¢'T = [cit,¢2t,...,.enY], €T =0, ¢?T =
[0,c2?,...,ca?] and ¢?q” = 0. The starting coefficient values are the final values from the second
stage with c2 = On. At each stage, the log likelihood will generally increase.'® Stop adding
columns to the C matrix when the increase in the log likelihood becomes small (or the number of
degrees of freedom becomes small). At stage k of this procedure, it turns out that a substitution
matrix of rank k—1 is estimated that is the most negative semidefinite substitution matrix that the
data will support.1® This is the same type of procedure that Diewert and Wales (1987) (1988)
used in order to estimate normalized quadratic preferences and they termed the final functional
form a semiflexible functional form. The above treatment of the KBF functional form also
generates a semiflexible functional form.

The above functional form for the aggregator function is more general than the linear utility
function that has been used throughout most of this paper and it is conceptually more general than
the CES aggregator function that was used in the previous section. Moreover, the reservation
prices that the method generates are finite. Finally, the present model can deal with situations
where a new product has a low elasticity of substitution with all existing products; i.e., it provides
a more satisfactory solution to the new goods problem and the problem of adjusting for quality
change. However, it has the drawback of being rather complex and hence it may be resistant to
large scale applications of the method. More research is required in order to develop methods that
are simpler to implement.

102 The restriction that C be upper triangular means that cM will have at most one nonzero element, namely
cnN. However, the positivity of g™ and the restriction ¢cNTg™ = 0 will imply that ¢cN = Oy. Thus the maximal
rank of B is N-1.

103 In order to identify all of the parameters, set one component of the b vector to equal 1.

104 We also use the constraint ¢*q” = 0 to eliminate one of the c,! from the nonlinear regression.

195 If it does not increase, then the data do not support the estimation of a higher rank substitution matrix
and we stop adding columns to the C matrix. The log likelihood cannot decrease since the successive
models are nested.

196 For a worked example of this methodology, see Diewert and Feenstra (2017).
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This completes our selective review of quality adjustment methods that are based on economic
approach to index numbers applied to purchasers of consumer goods and services.'%’

11. Conclusion

This chapter has taken a consumer demand perspective to addressing the problem of adjusting
price and quantity indexes to take into account the benefits and costs of the introduction of new
goods and services and the disappearance of existing commaodities. This perspective allows all of
the major methods that address the new and disappearing goods problem to be compared in a
common framework.

There are three main methods that have been suggested in the literature to address the new goods
problem: (i) the use of inflation adjusted carry forward and backward prices; (ii) hedonic
regression methods and (iii) the estimation of consumer preferences and Hicksian reservation
prices using both price and quantity data. The first two methods will work well if the new and
disappearing products are highly substitutable with continuing products. However, if substitution
is low, then the use of the first two methods can lead to substantial biases in price and quantity
indexes for the class of products under consideration. In the low elasticity of substitution case, the
third class of methods should be used; i.e., one should use either the cost or expenditure function
methods suggested by Hausman® or the direct utility function estimation methods suggested by
Diewert and Feenstra in section 10 above. Unfortunately, these methods are not easy to
implement. Thus more research on these methods is required before statistical agencies can
implement these methods on large scale.

Some of the more important points made in the paper are summarized below.

e Using the theoretical framework explained in section 2 and applying it to hedonic
regressions in section 5 (when price and quantity data are available) shows that the
hedonic regression approach generates two distinct estimates for the resulting price and
guantity levels generated by the regression (unless the regression fits the data perfectly, in
which case the two methods generate identical estimates). Thus statistical agencies will
have to choose between these two alternative index number estimates.

107 There is one additional method that could be used to estimate reservation prices. This method uses
experimental economics to determine the price consumers would have to be paid in order to terminate their
consumption of a product or service. These estimates can be converted into reservation prices; see
Brynjolfsson, E., A. Collis, W.E. Diewert, F. Eggers and K.J. Fox (2019) (2020).

108 «“Ultimately, data on price and product attributes alone will not allow correct estimation of the
compensating variation adjustment to a cost of living index. Quantity data are also needed, so that estimates
of the demand functions (or equivalently, the expenditure or utility functions) can occur. For this reason, |
disagree with the panel’s conclusion that hedonic methods are ‘probably the best hope’ for improving
quality adjustments (Schultze and Mackie (2002; 64 and 122)) since hedonic methods do not use quantity
data to estimate consumer valuation of a product, and consumer demand must be the basis of a cost of
living index.” Jerry Hausman (2003; 37). We agree with Hausman’s criticisms of hedonic regression
techniques to deal with the quality change problem except that we note that hedonic regressions can work
well if the class of products under consideration are close substitutes for each other. Also, in some
situations, we have no choice but to work with hedonic regressions rather than estimate consumer demand
systems. For example, when constructing property price indexes, each property is a unique good, both over
time and space. A property has a unique location and over time the structure on the property changes due to
renovations and depreciation. Thus as noted above, hedonic regressions with characteristics information
must be used in this situation.
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e The use of weights that reflect economic importance is recommended when running
hedonic regressions; see the summary of the work by de Haan and Krsinich (2018) in
section 7.

e The usefulness of the weighted time product dummy hedonic regressions (without
characteristics information) that was studied in section 5 is questionable; i.e., it may be
preferable use the model explained in section 4 that used inflation adjusted carry forward
and backward prices along with the use of a superlative index number formula for
matched products.

e Weighted time dummy hedonic regression models that use characteristics information are
recommended for dealing with quality adjustment problems provided that the products
are moderately or highly substitutable; see sections 6 and 7.

e Section 7 developed a test approach for evaluating the properties of hedonic regressions.

e Section 8 dealt with hedonic regressions in the context of taste change. Two useful
methods for estimating price levels when there is considerable product churn were
suggested: adjacent period time product hedonic regressions and the hedonic imputation
method. The latter method runs separate hedonic regressions for each period and
averages the results of these separate regressions to obtain estimated price levels. If
degrees of freedom are ample, the hedonic imputation method is recommended.

e Hedonic regression models viewed from the Hicksian approach to the treatment of new
products have a fundamental problem: the underlying economic model assumes that the
products are perfect substitutes after the implied quality adjustment. This is not a problem
if, in fact, the quality adjusted products are close to being perfect substitutes but it can be
a problem if this is not the case.

e The CES methodology for accounting for the benefits of new products due to Feenstra
explained in section 9 can work well if the elasticity of substitution between the products
under consideration is high. If it is not high, the method will tend to lead to price indexes
that have a downward bias.

e The econometric method explained in section 10 for dealing with new and disappearing
products in the context of the Hicksian reservation price methodology avoids the
problems associated with the Feenstra methodology but at the cost of a great deal of
econometric complexity. A robust simplified version of this methodology is required
before it can be applied by statistical agencies on a routine basis.

This chapter has taken an economic approach to the problem of quality adjustment that is based
on the basic model of household behavior explained in section 2. This economic model is not
without its problems but it does lead to a unified approach to the treatment of quality change from
an economic perspective.
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